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Ta xekeuxaia xpovia, xa 8ipepf| ypaipfpiaxa xpr|cripojtoiouvTai eupeoog ae eipappoyeq ava- 
Ktr|or|(; jtkripoipopiac; yLa va avajtapaaxf|Oouv axeaeic; pexa^u 5uo opaSoov avxiKeipevoov. 
O nayKoapioq Ioxo<; pjtopei va jtpoacpepei pia peyakr] ympa 5e5opevoov jcou pjtopouv va 
avajcapaoxa0ouv aJto 5ipepf| ypaipppaxa, OTtooq eivai xaivie<; Kai KpixiKeq ae auaxfipaxa 
jcpoxaaeoov, epooxf|paxa KaL aekiSec; ae pr|xave<; ava£r|Tr|ar|<;, xp^crteq Kai avapxf|aei<; ae 
peaa koivooviktu; 5iKTUOoar|<;. To peye06q Kai r| 5uvapiKf| ipuar| xoov ypaipripaxoov auxoov 
ujtayopeuouv xr|v eupear| juo ajtoSoxiKobv pe065oov Kaxaxa^r|<;. 

2xr|v jcapouaa 5iJtk(jopaxiKf| epyaaia, apxiKa jtapouaia^oupe to paouco pa0r|paxiK6 
ujto|3a0po jcou xpiloipoTroiodpe axr| auvexeia Kai Jtapa0exoupe xa paaiKa axoixsia xr|<; 
0eoopia<; Perron-Frobenius yia pr| apvr|xiKd pr|xpoba, Ka0obq ejuar|<; Kai xr|<; 0eoopia<; xoov 
a/.uauVov Markov. 'Ejteixa, jtpoxeivoupe evav veo aXyopi0po pe ovopa BipartiteRank, o 
ojcoioq eivai KaxaXXr|Xo<; yia Kaxaxa^r| ae 5ipepf| ypaipf|paxa. O aXyopi0po<; auxog eivai 
paaiapevoq axo povxeko xuxodou JtepiJtaxou Kai Kkr|povopei xa paaiKa pa0r|paxiKd xapa- 
KxripiaxiKa xou PageRank. Auto jcou xov Siaipopojtoiei, eivai xo yeyovoq oxi eiadyei eva 
a'k'ko eiboc, xrikepexaipopdc; jcou (3aoi^exai axr|v block 5opf| xou 5ipepou<; ypacpppaxoc; yia 
va jtexux£i Jtio ajtoSoxiKp Kaxaxa^r|. Tekoq, ujtoaxr|pi^oupe xr|v ajto^r| auxr| pe pa0r|paxi- 
Ka ejuxeipripaxa Kai axr| ouvexsia xriv ejti|3e|3aiobvoupe Kai jceipapaxiKa, eKxekobvxaq pia 
aeipa ajto jteipapaxa ae jtpaypaxiKa 5e5opeva. 
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Abstract 


Recently bipartite graphs have been widely used to represent the relationship two sets of items 
for information retrieval applications. The Web offers a wide range of data which can be 
represented by bipartite graphs, such us movies and reviewers in recomender systems, queries 
and URLs in search engines, users and posts in social networks. The size and the dynamic 
nature of such graphs generate the need for more efficient ranking methods. 

In this thesis, at first we present the fundamental mathematical backround that we use sub¬ 
sequently and we describe the basic principles of the Perron-Frobebius theory for non negative 
matrices as well as the the basic principles of the Markov chain theory. Then, we propose a 
novel algorithm named BipartiteRank, which is suitable to rank scenarios, that can be repre¬ 
sented as a bipartite graph. This algorithm is based on the random surfer model and inherits the 
basic mathematical characteristics of PageRank. What makes it different, is the fact that it in¬ 
troduces an alternative type of teleportation, based on the block structure of the bipartite graph 
in order to achieve more efficient ranking. Finally, we support this opinion with mathematical 
arguments and then we confirm it experimentally through a series of tests on real data. 
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Ev/apioTies 


0a r|0eA,a va euxapiaxf|aoo oA,ou<; oaouq auvepaXav pe ojtoiovSr|jtoxe xpojto axr|v sjtixu)(r| 
8Kjtovr|ar| auxr|<; xr|<; Si7tX(jopaxiKf|<; epyaaiai;. 

Kaxap)(f|v, 0a jtpejtei va euxapiaxf|aoo Ka0r|YT|xf| k. Iooavvr| rapoq)aXaKi] yia xr|v 
ava08ar| Kai 8Jti(3A,s^r| auxf|<; xr|<; SiTtXoopaxiKrn; epyaoLaq. 

2xr| auve^sia, euxapiaxoo iSiaixepa xov SiSaKxopa A0avaaio NiKoXamjtouXo yLa xr|v 
s^aipsxiKT| auvepyaaia Ttou ei/ape, mi sXju^oo va auvexiaoupe va e^oupe axo peAlov. Tov 
euxapiaxoo 0eppa yia xiq iSeeq tcou pou Jtpoaecpepe Ka0’oXr| xr\ SiapKeia eK:x6vr|ar|<; auxf|<; 
xriq 5utX,a>paxiKrj<; spyaaiaq. 

TsXoq, 5s pTtopob va pr|v euxapiaxriaoo axr|v oiKoyeveia pou Ttou i]xav SiTtXa pou ae m0e 
pou |3f|pa. 
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Ketpaktuo 1 

EiaaywY 1 ! 


H Kataxa^ri avxiKeipevoov ^ie |3dar| Koutoia Kpixr|pia sivai eva Jtp6|3kr|pa Ttou auvavxape 
apKexa ovyya oxr|v Ka0r|pepiv6xr|xd pag Koa eiSiKoxepa, aTtoxekei avajtoajtaaxo Koppaxi 
evoq auaxf|paxo<; avaKxr|ar|<; jtkripoipopiac;. 2xr|v Tcepi7txooar| xr|c; ava£r|xr|ar|<; axo SiaSi- 
kxuo, koyoo xou peye0ou<; xou riayKoapiou laxou Kai xr|<; i5iaixepr|<; cpnar|<; xoov xpiioxobv 
xou, o pokog xriq Kaxaxa^r|(; exet yivei xa xekeuxaia xpovia aKopa juo Ka0opiaxiKo<; Kai 
5r|pioupyr|0i'|K8 r| avdyKT| yia juo jtoioxiKsq Kai ajtoSoxiKec; pe0o6ou<;. 

2xr|v jcapouaa SutkoopaxiKri epyaaia, 0a paaiaxoupe axov juo yvooaxo Kai eupeax; 
Xpriaipojtoioiipevo akyopiBpo Kaxdxa^riq, xov PageRank, jtpoKsipevou va jtpoxeivoupe svav 
vso akyopiBpo yia Kaxaxa^r| as avxiKeipeva jtou a^ripaxi^ouv 5ipepf| ypacpf|paxa. H i5ea 
jcpof|k0e aJto xov pexayevsaxepo akyopiBpo Kaxaxa^r|<;, xov NCDawareRankmi xov xpojto 
ps xov ojtoio sKpexakkeijexai xrjv iepapxiKf| 5idp0pooar| xou /oopou avxiKeipevoov axov ojtoio 
eipappo^exai. 


1.1 Ava^uat] YTtEpaiivdEoptov Kai Katata^ti 

Ap^im, sivai ajtapaixr|xo va SieuKpiviaxei xi sivai avakuar| imepauvSeapoov [1] Kai nwq 
evaq akyopiBpoq pjtopei va e^ayei xriv Kaxaxa^r| xoov Kopuipobv evoq ypacpf|paxo<; eKpe- 
xakkeuopevoc; xr|v xojtokoyiKf| xou 5opf|. H i5ea ^eKivr|ae ajto xr|v jtapaxT]pr|ar| jcax; 
peyaket; aukkoyec; Ksipevoov ojtooq o TlayKoapioq Iaxoq, sjuxpejtouv xr^v avajtxu^ri akyo- 
piBpoov Kaxaxa^r|(;, oi ojioioi kappavouv ojto^ri xr|v xojtokoyiKf| jckripoipopia Jtou Jiape^ei 
xo ypdq)T|pa i)Jtepauv5eapoov[12]. To ypaq)T|pa imepauvSeapoov xoo riayKoapioo Iaxou, 
ajtoxekeixai ajto aekiSeq Kai xa psxa^i) xouq links. Mia Kopnipri avaJtapiaxa pia aekuOa 
Kai pia aKpf| eva link . H jtpooxapxiKf| tm60ear| Jtou eyive, sivai jcooq eva eiaep^opevo link 
sivai sva siSoq syKpiar|<; yia pia aeki5a Kai juo anyKEKpipsva, oao jtepiaaoxepa eiasp)(6- 
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(.leva links ex£i pia aekuOa xoao peyakdxepo pjtopei va eivai to Kopoq xr|<;. ndvoo ae anxf| 
xr|v D7t60ear| oi S. Brin mi L. Page avemn^av xov akyopiOpio PageRank Kai eiaf|yayav xo 
fiovreXo rir/jdov jieQiijyrjvij, o CCTOi'oq amkonGei xir/ai'a xiq e'tepxopeveq akpeq xon ypa- 
cpr|paxo<; xon Elaymapioo Iaxon jcepvoovxac; ano akkeg mpnepec; anxva evob and akkeq; juo 
ajtavia. 'Ojrooq eivai koyim, oi Kopnipeq pe jtokkeg eiaepxopevec; aKpieq jcpooTteka^ovxai 
anxva axov xn/aio JtepiTtaxo apa Oeoopeixai oxi exonv peyakuxepo Knpoq. 

2xr( cpnar| njtapxonv mi akka ypaipr|paxa ojtooc; anxo xon Ilaymapion Iaxon Jton pjto- 
ponv va avxipexoojtiaxonv pe xov 15io xpoJto. ApKei mveig va 5ei xa 5e5opeva ajto xr(v 
avakoyr] ojtxiKf| yoovia, Oeoopoovxac; Jtooq oi Kopnipeq eivai avxiKeipeva Kai oi aKpeq o- 
jxoiea5f|Jtoxe akkr|kejti5pdaei<; pexa^n xoov avxiKeipevoov. Akkooaxe, akyopiOpioi ojtooc; o 
PageRank exonv jxapei xexoia eKxaar| jton xpr|aipon;oionvxai jxkeov ae peyakr| jxoiKikia 
jcpopkripdxoov mxdxa'triq. 


1.2 Ai^£pr| Tpacpripata 

rioio eivai xo Kivr|xpo jton paq oo0r|ae axo va aaxokr|0onpe pe 5ipepf| ypacprpiaxa; Iloao 
anxva xpr|aipiojtoionvxai ae ecpappoyeq Kai jtoia eivai xa (laaiKoxepa xapaKxripiaxim xr|q 
Sopirp; xonq oxav xa anvavxape axov jxpaypaxim Koapo; 

Ta 5ipepf| ypacpr|paxa xpr|aipiojtoionvxai enpeoog axr|v ava^f|xr|ar| axo 5ia5iKxno Kai ae 
eipappioyeq avaKxr|ar|c; jtkripocpopiac; yia va avajtapaaxf|aonv axeaen; pexa^n 5no opaSoov 
avxiKeipevoov. O naymapioq Iaxoq putopei va jtpoacpepei pia peyakr| ympa 5e5opevoov 
Jton pjtoponv va avajtapaaxaOonv ajto 5ipepf| ypaq)T|paxa, ojtooc; eivai xaivieq Kai KpixiKeq 
ae anaxf|paxa jtpoxaaeoov, epooxf|paxa Kai aekiSeq ae pirixavec; ava£r|xr|ar|<;, xp'noteq Kai 
jxpoiovxa ae 5ia5iKxnam Kaxaaxf|paxa, xpiio^ec; Kai avapxrjaeiq ae peaa mivooviKfp; 
5iKxnooar|<; Kai kouta. 

2xa [9, 10] ecpappo^exai xnxaioq jtepljtaxoc; ae 6ipepr| ypaq)f|paxa jton Jtpoepxovxai 
ajto prixavei; ava£r|xr|ar|<;. Eiio anyKeKpipeva, oi anyypacpeiq xon [9], avaipeponv jtooq pia 
pr|xavf| ava£r|xr|ar|<; pjtopei va mxaypdi]iei Jtoia ajto xa ajtoxekeapaxa ejtikex0r|Kav ajto 
evav anyKeKpipevo xptlorr| yia eva anyKeKpipevo epooxrpia. T la pia 5r|po(pikf| ava£r|xr|ar|<;, 
r| Kaxaypaipf| anxr| pjtopei va jcepikappavei eKaxoppnpia ^enyr| epooxxipaxoov-aekiSoov 
r|pepr|aujo<;, xa ojtoia axr|paxi^onv 5ipepf| ypacpf|paxa. 'Eva TrapaSeiypa aTreiKovi^exai axo 
ax^pa 1.2. Oi laxnpiapoi yia xr)v xpiiaipoxr|xa xexoion eiSonq ypacpripaxcov ae ecpappoyeq 
ava^f|xr|ar|(; eja(3e(3aiobvovxai mi axa [10, 21]. Be(3aia r| 5ia5imaia Tron amkonOeixai 
jcpoKeipevon va axjipaxiaxei xo Sipepeq ypacpripa 5ev eivai jtavxa i5ia Kai e^apxaxai 
jcavxa aTto xr\ cpnar| xr]<; ecpappoyr'iq Kai xonq eKaaxoxe axoxonq. 
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E^npa 1.1: riapaSeiypa Sipepouq ypacpr|paxo<; ps epooxf|paxa Kai eikovec;. H 7tr|yr| atto 
xr)v ottoia avxkr|0r|KE r| eiKova Eivai r] EpEiwr|xiKf| epyaaia [9]. 


A/v/vi] pia ot]pavxiK'i'] avacpopa axr|v ecpappoyr] xu/aiou jxepiTtaxou ae cHpepi] ypacpr|- 
paxa Ttaponaia^exai axo [7], ojtou xo evSiacpepov axpecpexai axa anaxripaxa TtpoxaaEoov. 
2 e xexoiec; eipappoyeg oi Kopucpeq xou SipEponq ypacpripaxoq avxutpoaoojte'uouv xP'noxec; 
Kai avxiKEipeva, evoo oi aKpeq xiq a71r|ke:ruSpdaei<; pexa^u xauq. H xp^iori xou xu^atou 
TtepiJtaxou yLa xr|v Kaxaxa^r| xoov Kopuipobv pe |3aar| xov Kupot;, 0EoopEixai Ttoog 8)(8i jtoK)- 
xipa jtXEOV8Kxf|paxa acpou kappavei imo^ri xiq a^eaeK; pexa^u xpiicrcoov Kai avxiKEipevoov 
Ka0oA,LKa Kai xoopiq va ayvoei /px|aipr| jtkr|pocpopia, avxi0exa pe a’k’keq xoJtiKeq pE0oSou<;. 
To 8Jti)(£ipr|pa auxo eviaxuexai aKopa Ttepiaaoxepo Kai axo [11]. Emarig, aupcpoova pis 
xr|v epEuvr|xiKf| epyaaia [7], EKxoq atto xp^oxeq Kai avxiKEipeva ujtapxouv Kai ejmtkeov 
XapaKxr|piaxiKa Ttou pjtopouv va xpr|aipo:itoir|0ouv ooaxe va (3 eXxioo0ei aKopa Ttepiaaoxepo 
r| 7toioxr|xa Ttpoxaaeoov. Tia TtapaSeiypa, ae Ttpoxaaeic; Ttpoiovxoov xa eTtittkeov xapaKxr|- 
piaxiKa pjtopei va eivai xo eiSot;, r| papra, r| x^bpa 7tpoekeuar|<; Kai koiTta. Evaq cpuaucoc; 
xpojroq aJteiK6viar|<; okoov auxoov xoov xapaKxr|piaxiKobv ae eva ypacpr|pa eivai r| KaxaaKeu- 
T| K-pepobv ypacpripaxoov. 2xa xceipapaxa tiou 0a 7tpaypaxo7toif|aoupe axr| aovexeux, 0a 
Xpr|aipoTtoir|aoupE pexa^u akkoov Kai 5ipepr| ypacprpiaxa Ttou Ttpoepxovxai ajto auaxrpiaxa 
Ttpoxaaeoov. 

ETtiTtAiov, xa xekeuxaia xpovia, iSiaixepo evSiacpepov Ttapouaia^ouv xa ypacpr|paxa xoov 
ottoioov oi Kopucpeq avxiTtpoaooTteuouv xpiicrxeq Kai Koivoxr|xe<; xpiia'cw'v Kai xpr|aipoTtoiouv- 
xai auvr|0oo<; axr| peA,exr| koivoovikoov Sikxuoov. Makiaxa, jtoMit; epopee; axr| (3i(3A,ioypacpia 
avacpepovxai wq affiliation networks. H ecpappoyr| pe0oSoov Kaxdxa'£r]q xexoiou eiSouq ypa- 
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(pxpiaxa 0a f|xav jto kv xpx|oipx| oboxs va s^axOouv oupjtspdopaxa ojtooq, Jtoisc; sivai x| tuo 
SxipoipiXsic; koivoxx|xe<;, tioioi sivai ol xPh aT8 ? ps xr| psyaLuxspx| ouppsxoxi] Kai Xouta. Ol 
spsuvx|xiKE<; spyaoist; [25] mi [19] avaipspouv Kajtoia svSiacpspovxa xapaKxxipiaxim xr|q 
Sopxp; xouq OTtooq sivai oi Kaxavopsq siooSou xoov Kopixpobv xoopu; opoog va mvouv A,oyo 
yia 8ipappoyr| xu^aiou Tcsputaxou. 

1.2.1 IIvKvottita 

2e sva Sipsps<; ypcupx|pa ujtapxouv Suo Kaxavopsc; siooSou, pia yia Ka0s ouvoXo mpucpobv. 
2up<poova ps xo [25] oi Kaxavopsq auxsq ae Sipspx| ypaq)f|paxa xou jtpaypaximu Koopou 
Ssv sivai xooo opoiopopipeq ooo 0a pjtopouos Kcutoioc; va uttoOsosi. 2xx|v jtpaypaxiKoxx|xa 
sivai aouppsxpsq Kai as apKsxsq eipappoysq jxapouoia^ovxai va amXouOouv svav ekOexi- 
ko vopo [19]. Elio ouyKEKpipsva, auxo ox|paivsi Jtooq o apiOpoc; xoov Kopixpobv ps i ysixovsq 
sivai avakoyoq xou i~ y yia pia oxaOspa y. 2xo a)(f|pa 1.2 pTtopoups va Soaps svSsiKxiKa 
xi<; Kaxavopsc; siooSou xoov SsSopsvoov MovieLenslOM, Reuteurs, DBLP Kai YoutubeMem- 
berships jtou aipopouv as ypa<px|paxa xpiioxobv-xaiviobv, Ksipsvoov-Xs^soov, ouyypaipsoov- 
Sx|pooisuosoov Kai xpilotobv-opaSoov xpiicrxobv avxioxoixa. napaxxpoups Jtoo<; TtapoXo tcou 
qoxjoi'i xoov SsSopsvoov sivai Sia<popsxiKX|, oi Kaxavopsc; poia^ouv apKsxd Kai s/ouv xa x«- 
paKxripioxiKa Jtou jtspiypcapaps jtapajtavoo. Euvsjtobc;, 0a jtpsjtsi va oxipsiobooups jcooq xa 
ypacpf|paxa oxa ojtoia 0a scpappoooups xx| ps0oSo Kaxaxa^x|c; pa<; sivai iSiaixspa apaia. 

1.2.2 M\\ Lvvd£d£(W£va T^r^ata 

'Ojrooq oka xa ypaq)f|paxa xou jtpaypaximu Koapou, sxai Kai xa Sipspf| ypacpf|paxa pjtopsi 
va sivai pr| ouvSsSspsva, Sx|XaSx| va Sia0sxouv jcspioaoxspa ano sva ouvSsSspsva xpxp 
paxa. Qotooo, oupipoova ps xr|v spsuvx|xiKX| spyaoia [25], xa jtspiaaoxspa pr| ouvSsSspsva 
ypaq)f|paxa jxou UTtapxouv axr|v Koivoovia Kai xx| cpuox|, s)(ouv sva psycdo ouvSsSspsvo 
xpx|pa, yvoooxo Kai ooc; giant component. Ta ypa<px|paxa Jtou Ssv e^ovv auxo xo xapaKxx|- 
piaxim sivai trio ojtavia. 2uvx|0oo<;, xo psyaLuxspo ouvSsSspsvo xpx|pa cpspsi jtA,x|po<popia 
Jtou xapaKxx|pi^si oXoKA,x|po xo ypcupx|pa [20]. 

MsXsxx|aapE xa psysOx) xoov px| ouvSsSspsvoov xpx|paxoov Suo ouvoXoov SsSopsvoov, xoov 
DBLP Kai YoutubeMemberships. 'Ojtooc; ipaivsxai oxo oxx|pa 1.3, exouv sva ouvSsSspsvo 
xpx|pa apKsxa psyaLuxspo ajto xa ujtoXouta. Elio ouyKSKpipsva, xo 88, 77% xoov Kopuipobv 
xou DBLP avx|Kouv oxo psyaLuxspo ouvSsSspsvo xpx|pa xou, svob xo avx(oxoi'/o tiooooxo 
yia xo YoutubeMemberships sivai 91,29%. 
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YoutubeMemberships DBLP Reuters MovieLenslOM 

Frequency Frequency Frequency Frequency 





Indegree(Authors) Indegree(Publications) 



10 ° 


10 1 10 2 
Indegree(Users) 


10 3 10 ° 


10 1 10 2 
Indegree(Groups) 


10 3 


2xr|p a 1.2: Kaxavopec; siaoSou jtou Ttpoepxovxoa goto xeaaepa cruvoA,a SeSopevcov. 
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2%f|[ia 1.3: M8y80r| pr| aavbEbspEvoov xpripaxoov xpripaxoov toov Ypacpxipaxoov DBLP Kai 
YoutubeMemberships. 

1.3 npotiyoij^va ajtoTE^apata 

H psOobot; jtoa 0a TtpoxsivoapE axr| aavsxEia sivai pia p£0obo<; jtoa 0a pjtopoaas va e- 
cpappoaxsi oe OTtoio8f|Jtox£ bipspsc; YP&cpilpop av£^apxr|xa ajto xo xo xi avxijtpoaoojtEaoav 
xa aavoXa xoa. 'Exai, A,oyoo xoa y 8Vlko ^ X a P aKT1 1P a TOl ’ JtpopA,r|paxo<; Kaxaxa^r|c; jxoa 
E^sxa^oapE, Osoopoaps Jtcoq o KaxaXXriXoxEpoc; aA,Yopi0po<; jtoa 0a pitopoaos va scpappo- 
ax£L oe yevlkec; jtEpiJtxobaEn; bipspobv Ypacpripaxcov sivai o a/o/opiQpoq PageRank , acpoa 
XPpaipojioiEL povo xr|v xoJtoA,oYLKf| 6opr| xoa EKaaxoxE Ypacpi)paxo<;. ETtuiXsov, e/bi Ttpo- 
xa0Ei apKEXEc; cpopst; r| xppop xoa Y^a Kaxaxa^r| oe juo aaYKEKpipEvsc; scpappoYEc;, elxe oe 
aavbaaapo ps aXXeq psOoboac; (jt-X- HITS [15]), [34, 10], elxe oe TtapaAlaYst; [13, 11]. 

O a/vYopiOpoq FolkRank [13] sivai pia Ttpoaappoap£vr| EKcor/T] xoa PageRank. Mjtopsi 
va xpiiaipojtoir|0£i axr|v ava^i)xr|ar| as folksonomies. 'Eva folksonomy TispiYpacpEi XPH- 
axec;, avxiKEipsva, tags Kai xr]v avxiaxoixtpxr] xoov tags oe avxiKEipsva ps paar] xov xp^crxr] 
((3X£Tt£ [13] Y^a jtEpiaaoxEpEt; ;ndr|pocpopi£<;). Mjtopsi £jtiar|(; va avaJtapaaxaOsi p£ xr| po- 
f|0Eia xpipspoov Ypacpripaxcov xa oitoia Ttapoaaia^oav Koiva xapaKxripiaxiKa ps xa bipspri 
Ypacpf|paxa. O a^YopiOpoq ItemRank [11] ajtoxsXEi pia ampa svbiacpEpoaaa JtapaAAaYri, 
Kai xpiiaipojtoiEixai oe aaaxf|paxa jtpoxaoEoov. O a^YopiOpoc; aaxoq KaxaxaaoEi jtpoiov- 
xa ps paar| xiq avapsvopEVEq jTpoxipr)asi<; evoc; xp^crxi], ps a Xka 'koyia jipoxsivEi axsxiKa 
avxiKEipsva as ev bavapsi EvbiacpEpopsvoaq xP^atEt;. 
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1.4 Etmeioypacpia 


2xr| aovexeia, avajtapiaxoope xa biavoapaxa pe evxovooc; jts^oxx; xapaKxf|pe<; (ji.%. 7 r), 
xa pr|xpooa pe evxovoog Kecpakaiooc; xapaKTf|pe<; (jt-X- P). Avajtapiaxoope xriv i' 1 ypappf| 
mi/ 1 axr|Xr} evoq pr|xpoooo P pe p, T Kai p, «vxi'gxoi/ou Kai xo ff'° OTOiydo xoo pr|xpoooo P pe 
P y . Emar|<; , xppcnpoTioiobpe mkkiypacpim ypappaxa yia va ava7tapaaxf|aoope aovoka 
(tc.X-, < U, r V). TsXoq, avajtapiaxoope pe [1, n ] eva aovoko aKepaioov {1,2 , ,n}. 


1.5 Opyavcoat] 

2xo Kecpakaio 2 Jtapa0exoope xo pa0r|paxim ojto(3a0po xr|<; butkoopaxiKf|c; aoxr|<;, ooaxe 
va yivoov Kaxavor|xd xa pa0r|paxLKd xoov pe0oboov mxaxa^ric; Jtoo 0a Jtepiypd\|Joope axr| 
aovexeia. Apxim, e^exa^oope xa pr| apvrjxiKa px|xpooa jcapooaia^ovxac; avakoxim xr| 
0eoopia Perron-Frobenius [18, 23] Kai ejteixa mvoope pia ao£r|xr|ar| jcepi JtpooxapxiKobv 
pr|xpoooov. 2xr| aovexeia, avacpepopaaxe ae akoaibeq Markov [24] Jtapa0exovxac; Koutoiooc; 
ajtapaixr|xoo<; opiapobq. Te/.oq, e^riyoope abvxopa xr^v evvoia xr|q lyj^dv flb'joovg Ava- 
AiJouioTijrag (Near Complete Decomposability // NCD) [ 8 ]. 

2xo Kecpdkaio 3 jcepiypcupoope biaia0x|xim Kai pa0r|paxiKd xoog akyopi0poo<; m- 
xaxa^r|<; PageRank [31, 5] Kai NCDawareRank [26, ;], 01 ojtoioi ajtoxekoov xr|v (3aar| xr|<; 
pe0o6oo jcoo 0a jcpoxeivoope, Kai opi^oope xa pr|xpooa jcoo epjtkemvxai axov ojtokoyiapo 
xoov biavoapcrcoov mxdxox'Epiq. 

2xo Kecpdkaio 4 eKpexakkeoopaaxe xr|v block bopr| xoov bipepobv ypacpripaxoov peaoo 
xoo pr|xpoooo xr}/.e[.iexa(popdq Kai jcpoxeivoope evav veo akyopi0po, xov akyopi0po Bipartit- 
eRank, jtpoKeipevoo va (3ekxiooooope xa ajtoxekeapaxa jtoo e^dyovxai ojtokoyiaxim a'k'ka 
Kai jtoioxim. 

2xo Kecpakaio 5 eKxekoope pia aeipa ojtokoyiaxiKobv jteipapaxiKoov pexpr|aeoov ae 
jcpaypaxim bebopeva Kai ejtixeipoope apeaeq aoyKpiaeiq pe xov akyopi0po PageRank. 

Tekoq, axo Kecpakaio 6 e^ayoope Kcutoia yeviKoxepa aopjtepdapaxa pa^i pe jcpoxaaeic; 
yia pekkovxiKf| epyaaia. 

2r|peioovoope Jtoog xa axiipaxa axa ojtoia axa ojtoia bev avacpepexai r| jxr|yr| exoov 
mxaaKeoaaxei yia xiq avdyKeq aoxf|<; xr|<; butkoopaxiKf|<; pe xr| xP'nori jtpaypaxiKoov bebo- 
pevoov. 
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Keqxxkaio 2 

Ma0t]^aTiKo TjtoPaOpo 


rLa va yivouv mxavor|xe<; ol pa0r|paxiK8<; kejtxopepeie<; xoov akyopi0poov pe xoug ojtoiouq 
0a aayokr|0oupe axr| auveyeia, eivai a7tapaixr|xo va auvorjaaoupe xa paaiKa axoiyeia xr|<; 
0eoopiac; Ttou 0a ypr|aipo:n;oir|aoupe. To peyakuxepo xpppa xou Kecpakaiou aipiepobvexai oxr| 
0eoopia Perron-Frobenius [18] yLa pr| apvr|xiKa prjxpoba mi oxa Kpixf|pLa Ttou e^aacpaki^ouv 
Ttooq eva pr|xpooo eivai jtpooxapyiKo. 'Ejteixa bivovxai KotTtoia paaim axoiyeia Kai opiapoi 
xriq 0eoopia<; xoov akuaiboov Markov [24, 18] Kai xekog, yivexai pia auvxopr| avaipopa axiq 
Nearly Completely Decomposable akuoibec; Markov [8]. 

2xoyo<; pag ae auxo xo Kecpakaio, 5ev eivai va Ttapouaiaaoupe avakuxim oka auxa xa 
yvooaxim avxuceipeva, ajj.a va bi'toupe sv om'xopia povo xa aripavximxepa pa0r|paxim 
£r|xf|paxa ttou 0a (pavouv ypf|aipa axov avayvooaxr|. 


2.1 Mr\ apvtiTuca Mtitptba 

'Eva pr|xpooo A 0eoopeixai firj agvijxiKd, Kai ypcupsxai A > 0, av xa axoiyeia xou eivai pr| 
apvr|xiKoi jcpaypaxiKoi api0pou Avxiaxoiya, eva prixpooo 0eoopeixai OexiKo Kai ypcupexai 
A > 0, av xa axoiyeia xou eivai 0sxikoi jcpaypaxiKoi api0poL 2r|pavxim jcapabeiypa- 
xa pr| apvr|xiKobv pr|xpoooov eivai xa iujrgoxi yeixvlaarfg ypaq)r|pdxoov Kai xa oxoyjmxixa 
firjxgcba, xa ojtoia pag evbiacpepouv Kaxs^oyfiv ae auxf| xriv 5iJtkoopaxiKf| koyoo xou oxi 
ypr|aipojtoiouvxai yia va jtepiypdr|x)uv akuaibeq Markov. 

Opiapbg 2.1.1 (SxoyaoxiKo Mr]xpobo). ’ZxoyaoxiKo iu]xod)o eivai eva fir] aovijxiKO xexgayco- 
viko iU]xgd)o A xov ojxoIov xo aOooioua xoov oxoiyekov l-iaOe yoaiuajg loovxai fie 1. 

Oi ibioxipeq evog jcpaypaxiKou xexpayoovimu prixpooou A eivai piyabiKoi api0poi jcou 
auv0sxouv xo cpdapa xou prixpooou. To 0sobpr|pa Perron-Frobenius, xo ojtoio 0a avaipepoupe 


13 



crcr| ovveyeia, jcepLypcupsL xic, l5i6xt|T 8(; xr|<; emKpaxooc; l5loxlpt|<; KaL xoo avxunoLxoo 
i6Lo6iavoapaxo<; oxav xo A SLvai eva pr| apvr|XLKo xsxpayooviKo pr|xpooo TtpaypaxLKoov 
apiBpoov. 

2.1.1 0£TiKa Mijtpwa 

2e aoxo xo ar|peLO 0a jtapouaiaaoupe xo 0eobpr|pa xoo Perron (1907), xo ojlolo ajtoxeXsL xr| 
(3aar| yLa xriv Kaxavor|ar| xoov l5loxt|X(jov xr|<; emKpaxooc; LSioxipriq xoov Osxikoov prixpoboov. 
H a7to58L^r| xoo jtapaKocxoo 0eoopr|paxoc; jtepdappavsxaL axo ey^eiplSio [23]. 

Oewprma 2.1.1 (@eobpr|pa Perron yLa ©sum Mr|xpooa). Av A nxn > 0 jie fl = p(A), rots 
to/vovv xa aKolovOa: 

1. fl e R kol 7? > 0. 

2. fl G a(A) ()] fl ovoua'Csxai gitfa Perron). 

3. H gitfa Perron fl eivac a Jiff). 

4. YjtaQXEL Qexlko Ldiodiavvojia x > 0 xexolo (bote Ax = fix (diavvojia Perron). 

5. To diavvoua Perron elvai xo uovabiKO 6Lavvoj.ia jxov ogitfezai axco xrj oyj:or\ A p = ftp, 
ojxov p > 0 /cat j \p\ 1 1 = 1, KaL av stfaLgeoovjie xa Oexlkoi jxollajxlaoxa xov p, dev 
vjxagxovv alia jii] agvijxiKa LdLodxavvojiaza xov A, avefagxt'jxcog idioxiiojg. 'Ola 
xa vjtoloLJta LdiodiavvoLiaxa da exovv zovlaxLoxov eva agvrjxiKO f] iu] jxgayjiatLKo 
oxolxslo. 

6. H ft elvax i) uovaduo'] idiox/iit] ejxavo) oxov qpaojiatLKo kvkIo xov A. 

7. Tvjxog Collatz-Wielandt: fl = max xeN f(x), 

ojxov f(x) - mini< t < n x t f 0 kol N = x\x > 0,x f 0. 

x i 

To 0soopr|pa Perron yia Oexim pr|xpooa SLvai e^aLpexLKa xp^oipo ajtoxeXeapa. ©a 
r|xav q)oaLKo va avapooxr|0ei KaveLg u aoppatvsi oxav OTteiaspxovxai axo pr|xpooo Kai 
Kajtoia pr|5svLKa axoLXSia. 2op(poova pe xo aKoXooOo 0eoopr|pa (xoo ojloloo r\ a7t65sL^r| 
jcepL^appavexaL 87tLar|<; axo [23]), eva xpr)pa xoo 0eoopr|paxo<; Perron 2.1.1 yLa xa Osxlkol 
pr|xpoba pTtopsL va ejteKxaOeL KaL axa pr| apvrjXLKa prixpooa, av OoaLaaoope xr|v ojtap^r| 
xoo Osxlkoo L6Lo6Lavoapaxo<; KaL va apKeaxoope ae sva pr| apvryaKo. 

08(npr|pa 2.1.2. Av A nxn > 0 lie (paojiaxua] aKx'xva fl = p(A), tore loxvovv xa aKolovOa. 
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• fl 6 a(A) K.ai /) > 0 . 


• Energysi ibiodidvvoua x > 0 tetoio coots Ax = fix. 

• O tvjtog Collatz-Wielandt sigaKokovOsi va ioyvsi. 

To 0eobpr|pa Perron 2.1.1 5sv sivcci bnvaxov va ejtsKxaOeL jtspLaaoxspo yLa pr| apvr|XLKd 
pr|xpooa yoopu; kcotolsc; sjtiTtXsov jtapaboysc;. To 1912 o F. G. Frobenius, avxdr|q)0r|K8 oxi xo 
Jcp6|3A,r|pa anxo 6ev oq)8iXsxai xoao axr|v imap^r] px|5evLKoov axoLyeioov, oao axr| 0sar| xonq. 
TLa jcapabsLypa, r| xpixi] Kai xexapxr| Lck6xr|xa xon 0eoopr|paxo<; Perron 5sv Loynonv yia xo 
pr|xpobo (} ?), Laynonv opoot; yia xo (\ £). Snpqxnva pe xov Frobenius r| 6ia(popa pexa^n 
xoov 5no px|xpoboov eyKsixai oxr|v peL(joaLpoxr|xa (reducibility) f| pr| peL(joaLpoxr|xd xong. [18, 
q. 167] 

2.1.2 Mi] p£Koai(w6Ti]Ta Kai Mi] n£piodiKOTi]Ta 

'Orton; f|5r| yvcop ('Coups, sva Kaxeu0uv6pevo ypc«pr|pa ovopa^sxai loyvga ovvdcdsusvo. av 
yLa Ka0s ^euyoc; Kopucpoov (ij) urtap^sL pLa aKok)u0(a aKpoov rtou o5r|ysL arto xr|v i axr|v 
j. 2e K'dOe Kaxeu0uvopevo ypdcpr|pa avriaxor/eL eva pr|xpooo, xo ortoio ovo[ id'Cexai ii?]rg(bo 
ysiTviaoijg xon ypacpf|paxo<;. 

Opiapdg 2.1.2 (ApsLooxo Mr|xpobo). 'Eva onoiodijjroTs TSTgaycoviKO ur\Tgd)o A sivai ausiono 
av Kai udvo av to KanevOvvousva ygdqnjud tov sivai ioyvga ovvdsdsusvo. Ioodvva.ua, to 
A sivai ausiono av yia oJtoiodqjcoTs iu]Tg<bo usvdOsotjg P ioyvsi on 


P AP f 


X 

0 


Y 

Z 


ojtov Ta jirjTgcba X Kai Z sivai TETgaycoviKa. 


Av sva jM] agvrjUKO luygcbo A sivai ausiono. yia Ka0e 'Ceuyoq i Kaij urtapysi evac, 
aKepaLoq t xsxoloc; ooaxe AT >0. TLa eva prixpooo yeLXVLaar|<; evoc; Kaxeu0uv6pevou ypaq)f|- 
paxoq, anxf| r| L5Loxr|xa arpiaLveL oxl xo ypc«pr|pa SLvaL Laynpa auvbebepevo. Avx(0exa, sva 
psLooaLpo prixpooo yeLXVLaar|<;, avartapLaxa sva ypdq)r|pa ps TtepLoaoxepa arto sva Layupa 
anvbsbspsva xprpiaxa. 

Opiapdg 2.1.3 (FlspLoSoq Kopucpr|<;). H Jtsgiodog mag Kogvcpqg svog ygaipijuanog oglgsTai 
cog o fisyiOTog KOivog biaigsTijg tcov uijKcbv oacov tcov kvkacov jtov jrsgiAaufldvovv ttjv 
K ogvcpfj. 
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'Ooov aq)opa axr|v TtspLobLKoxrixa pLa q Kopu(pf|<;, av UTtapyEL povojtaxi pf|Kou<; t cmo 
pia Kopucpr| i axov sauxov xr|<;, xoxs 0a lc^uel AC > 0. O psyLaxoi; Koivoq bLaLp£xr|<; xou 
auvoXou ]t : AC > 0} KaXsixaL JisgioSog xr|<; Kopu(pf|<; i. Av xo A sivai apsiooxo, xoxs r| 
jxspioboc; sivai r| ibia yia oleq xn; KopuLpsq KaL r| koivt] auxf| Tcspioboc; sivai r| jtspioboc; 
xou ypaipf|paxo<;. 'Ojtooq sivai Ttpoipavsc;, eva ypcupr|pa ps TcspioSo povaba ovopa^sxai pi] 
jxegiodiKo Kai xo ibio layusi KaL yia xo prixpoao y£ixviaar|<; xou. [2, 128] 

2.1.3 To 0£O)ptma Perron - Frobenius 

'Ojtooq avaipspaps Kai jtporiyoupEvooc;, o Frobenius avxiXr|q)0r|K£ oxi jtapoXo jtou ol ibioxr|X£<; 

1.2.4 KaL 6 xou 0£oopr|paxoc; xou Perron 2.1.1 yLa 0£xim pr|xpooa jtL0avov va jcar^ouv va 
layuouv yLa pr| apvrjXLKa pr|xpoba, xo jtpo(3A,r|pa bsv sivai xoao r| jcapouaia xoov pr|bsviK(jbv 
axoiysioov oao r| 0 eot| xouq. Me aKka Xoyia, ol ibioxr|X£<; 1,3 KaL 4 axr|v 7tpaypaxiKoxr|xa 
E^aKoXou0ouv va layuouv av xa pribsviKa ppiaKovxai axiq KaxaAAriXsc; 0sasi<;, br|Xabf| 
as 0£OEL(; jlou va s^aacpala^ouv oxi xo pr|xpooo sivai apsiooxo. £2axoao, buaxuyobt;, r| pr| 
p£LooaLp6xT|xa ajto povr| xr|<; bsv apKsi yLa va biaxr|pr|0£i r| ibioxr|xa 6 . 

riapaKaxoo biaxuTtobvsxai xo 0£obpr|pa Perron-Frobenius. H aTtobsi^ri xou 0£oopf|paxo<; 
jxspdappavsxai axo sy^sipibio xou Carl Meyer [23]. 

0EO)pr|pa 2.1.3 (0£obpr|pa Perron-Frobenius). Av eva prjxgcbo A nxn > 0 sivai apsiooxo, rote 
la/vovv oXa xa aKoXovOa: 

1. fl = p(A) > 0, fl e R. 

2. fl G a(A) ()] fl ovopaifsxai giga Perron). 

3. H gi(fa fl sivai anh]. 

4. Tfrao/j-i idiodiavvapa x > 0 xexoio (bate Ax = fix. 

5. To diavvapa Perron sivai xo povadiKO diavvapa jxov ooifsxai and xr\ aysai] A p = ftp, 
p > 0 Kai Uplli = 1, Kai, av egaigeaovpe xa dexiKa JtoXXaJxXaaia xov p, dev vnag/ovv 
aXXa pi] agvpxiKa idiodiavvapaxa xov A, avsfagxrjxcog idioxippg. 

6. H fl AEN sivai ajxagaixpxcog i] povadua] idioxipf] ejtava) axo cpaapaxiKO kvkao xov A. 

7. Tvjxog Collatz-Wielandt: fl - max xeN f(x), 

ojiov f(x) = min 1<i<n x t f 0 Kai N = x\x > 0,x f 0. 
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H fl mksixai EJUKQaxi)g idioxifii) xou A. ©a ouppoAiaoups ^ie (Hi,..., fl n ) xiq icnoxipsc; xou 
A, KaL axr| auvs)(£ia 0a 0soopoups oxi r| E7tiKpaxr|<; i6ioxipr| sivai Ttavxa r| fl ] . Sripsioovoups 
jcooq jcapoko Ttou aupipoova ps xr|v jtpoxaar| 3 xou 0soopr|paxo<; Perron-Frobenis 2.1.3 r| pi^a 
Hi sivai a7tXr|, aupipoova ps xr|v jxpoxaari 6 pTtopouv va ujcap^ouv aEkeq i5ioxips<; Hj i 1 Hi 
xexoieq 000 X 8 |/) ; | = lib I- Mjtopsi va a7to5si)(0Ei oxl av ujtapxouv k ibioxipsc;, lose; Kaxa 
psxpo ps xt|v Kupia ixMoxipr], xoxs sivai opoiopopipa xojto0Exr|pEVE<; as svav kuk/.o aKXLvaq 
Hi- Ejtijtksov, av xo px|xpooo A sivai xo prixpobo ysixviaor|<; evoq ypaipf|paxo<;, xo k sivai o 
psyiaxoc; Koivoq 6iaipsxr|<; xoov pr|Koov okoov xoov kukXoov xou ypa(pf|paxo<;, 6r|kx6f| xo k 0a 
sivai r| jtspioboq xou ypaipfipaxoq. 

'Ojiooq sivai (pavspo, JtpoKsipsvou va s^oups pia Kupia i6ioxipf| auoxr|pa psyakuxspri 
Kai ouvetiooc; va sivai r| pova6iKf| i6ioxipf| jcavoo oxov cpaapaxiKo kukA,o xou A, 0a jcpsjtsi 
xo avxi'oxoi/o ypacpripa va pr|v s/ei jtspioSo 1 f| a/Juu'jq va sivai u?] jieqioSiko. 

To auvoXo xoov pr| apvr|xiKobv apsiooxoov pr|xpoooov xtt>piC £ ™ L a£ Suo axipavxiKsq Kka- 
asiq, avakoya ps xov av s/ouv povo pia i5ioxipf| ETtavoo oxov cpaapaxiKo xou kuk'/.o f| 
jcspiaaoxspsq. 

Ostopripa 2.1.4 (TIpooxap/iKa Mrycpooa). 

• To iiTjxodx) A ovofiaQsxai jrgojxao/jKo av sivai sva ui] agvrjxiKO, ausiono injxodx) xo 
ojxoio s/si uovo ilia i5ioxif.ii), xrjv fl = p(A), sjcavco oxov (paouaxiKo xov kvkao. 

• 'Eva fiij aovijxiKo, afisicoxo uijxgibo jiov s/ju h > 1 idioxifisg sjcavco oxov qpaofia- 
xiko xov kvkao ovofiaQsxai in] jracoxag/iKo, svd) o 6eiKxi]g h ovofiaQsxai ds/Kxijg fir] 
Jcga)xaQxiKoxi]xag. 

• Av xo A sivai fii] Koonacr/iKo, xoxs oi h idioxifisg sjxavco oxov qpaofiaxiKo kvkao sivai 
oi 


{fl,fla,flo 2 , ...,flo h 1 }, ojtov a - 2e 2Ki/h . 

Ms akka koyia, oi idioxifisg sivai oi h-ooxsg QiC,sg xov fl = p( A), Kai sivai ofioio- 
fioQcpa Kaxavsfii]fisvsg sjxava) oxov KVKko. EiciJxksov, KaOs idioxifii) fla k sjcavco oxov 
cpaofiaxiKo KVKko sivai ajiki). 

Tiaxi opooq sivai xoao aripavxiKo va UTtap^si povo pia i5ioxipf| EJtavoo oxov ipaapaxiKo 
kukA,o; H aripaaia xr|<; 7tpooxapxiKoxr|xa<; syKsixai axo oxi sivai aKpipobg r| i6ioxr|xa jcou 
K a0opi^si Kaxa Jtoao oi biabo^iKsg Suvapsiq svo<; KavoviK07ioir|pEvou pr| apvr|xiKou apsi- 
ooxou prixpooou s^ouv Koutoia axaOspfi-opiaK^ xipr|, axoi)(£io and xo ojtoio s^apxaxai Kai r| 
ujrap^ri xou 5iavuapaxo<; PageRank. [18, 2] 
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2.2 A^uoidrg Markov 


H pa0x|paxiKf| anviaxobaa tod 6iavDapaxo<; PageRank eivai r| oxa08pf| Kaxavopf| piaq 
akoaiSac; Markov ckaKpixoD xpovoo Kai TteTtepaapevoov Kaxaaxaaeoov. 2xr| anvexeia ava- 
cpepoope KctTtoiec; Ttoku xp^OLpeq evvoiec;. 

Opiapog 2.2.1 (2xoxaaxiKf| Aia6iKaaia). Mia oxoyaoxua'] SiadiKaaia X = {X ( : t e T} 
eivai uia ovaaovi] xvyaicov uexafilrjxibv. O SeiKxijg t ovvi'jOojg avxiJTgoooojzevei xov ygovo. 
H diadiKaoia Q uovxeaojtolel xijv xud] /.nag xvya'iag fiexaflXrfxrjg X >] ojxo'ia aWa^ei fie xo 
jxegaofia xov ygovov. 

2op|3oki^oope X t xr|v Kaxaoxaari xr|<; biabiKaoiac, xriv xpoviKt) axiypfi t. ria Ttapa- 
Seiypa, saxoo pia 5ia5iKaaia evoq rvyaiov TtepiTtaxoo axov riayKoapio Iaxo. O x«po<; 
Kaxaaxaaeoov eivai o xcbpoq okoov xoov aekiSoov evob r| xoxoaa pexa|3kr|Tf| X t eivai r| aeki5a 
axr|v OTtoia ppiaKexai o Ttepir|Yr|Tr|<; xr| xpoviKt) axiypf| t. T La va 5r|kobaoop£ oxi o xpovoq 5ev 
0eoopeixai anve/jlC akka SiaKpixoq, /pi]oi poTt o iod p£ xov opo SiaSiKaoia 6 laKgixov ygovov, 
evob yia va 5r|kobaoop£ oxi o yobpoq Kaxaaxaaeoov eivai TteTtepaapevoc;, ypriaipojtoioDpe 
xov opo 6ladiKaoia jxejxegaofievcov Kaxaoxaoscov. 2s aDxf| xr|v epyaaia 0a aayokr|0ODp£ 
pe axoxaaxLKeq SiaSimaiet; SiaKpixoo ypovoo Kai TteTtepaapevoov Kaxaaxaaeoov. 

Opiapog 2.2.2 (Akoai6a Markov). AXvoiSa Markov eivai tua oxoyaoxua ) SiaSinaoia Jtov 
inavoxcoiei xrjv idioxijxa Markov 

Pr(X t = a t |X t _! = a t _ 1; Xf_ 2 = a t _ 2 , • ••,X 0 = ao) = Pr(X t = a t |X t _i = a t _i) = P a , yia made 

t = 0, 1,2,.... 

H i5ioxr|Ta Markov eKcppa^ei oxi r| Kaxaaxaar| X t e^apxaxai aTto xr)v Ttporiyoopevri m- 
xaaxaar| X t _ 1 akka eivai av£^apxr|Tr| aTto xo onyKeKpipevo laxopiKo Kaxaaxaaeoov aTto xo 
OTtoio jcepaae r| 5ia5iKaaia obaxe va cpxaaei axr|v Kaxaaxaar| X t _ x , 5r|ka5f| r| axoyaaxLKf| 
5ia5iKaaia 5ev eyeL pvr|pr|. Av £Ttavek0oope oxo Ttporiyoopevo TtapaSeiypa, r| 5ia5iKaaia 
xod XD/aioD TtepiTtaxoo eivai pia akoaiSa Markov povo eipoaov r| aeki5a Ttoo eTtiOKemexai 
Ka0e cpopa o jcepir|Yr|xr|q, 5ev e^apxaxai aTto xiq aekiSeq Ttoo eiye eTtiaKecpxei Ttpor|yoo- 
pevooq, alia aTtoKkeiaxiKa aTto xriv xpeyoDaa aeki5a. Me akka koyia, av o Ttepir|yr|xf|(; 
eTtikeyei XD/aLa eva link xr|<; xpexonaaq aekiSaq yia va pexa(3ei ae KaTtoia akkr), xoxe r| 
5ia5iKaaia eivai pia aknaiSa Markov. 

H judavdxifxa uexa[->aot]g r| aknaiSa va (ipeOei aTto xriv Kaxaaxaar| i axr|vj ae eva |3f|pa 
XT) xpoviKi) axiypr| t eivai 


Py = Pr(X, =j|X t _ 1 = i) 
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EjtiJtksov, aiipicpoova pie xr|v idioxrjxa Markov , paa akvoiba Markov opi'Cexai ajto sva u?]xgd)o 
jxidavoxrjxcov iiexdjiaoijg svoq |3r|piaxoa: 



ojtoo yia Ka08 ij ia)(iJEi 


kol yia Ka0s i laxusi 


Py e [0, 1] 


( 2 . 1 ) 


2 p « = i- < 2 - 2 ) 

j>o 

'Eva pir|xpooo Ttoo imvoTtoisi xiq s^iaobasic; 2.1 Kai 2.2 sivai pir| apvr|xiKo Kai xo a0poiapia 
xoov axoLxeLoov Ka0s ypapipifp; xou sivai 1. IIpoKEixai 5r|ka5f| yia eva otoxocouko fajxgcbo 
(stochastic matrix). 

Opiapidg 2.2.3 (Opioysvr|<; AkuaiSa Markov). Ouoyevqg aXvoida Markov sivai uta a Avoid a 
Markov oxrjv onoia oi mOavdxr]xeg usxdjiaorjg dev /j.exaj3aXXovxai us xov xqovo, ojxoxs oi 
mdavoxijxeg xov t jirjuaxog usxdjkxorjg uirogovv va vjxoXoyioxovv oav xrjv t-ooxnj dvvaiu] 
xov fajxQtbov JuOavoxi'jxcov usxdjkxorjg, V 1 . 

2xr|v TcepiJixwari auxf|, xo pirixpooo jci0avoxT)xoov pisxa|3aar|<; sivai sva axo^aariKo piri¬ 
xpooo P. 2xr| aovexeia xr|<; avakuar|<; auxf|<;, pis xov opo akuaiSa Markov 0a avaipspopiaaxs 
piovo as opioysvsiq akuaiSsq Markov. Kara aoxov xov xpojto, paa akuaiSa Markov opi'Csi 
piovaSim sva axo^aariKo pirixpooo Kai xo avxiaxpoipo. 

Opiapiog 2.2.4 (Apisiooxr| AkuaiSa Markov). Ausiimr] a Avoid a Markov sivai ilia a Avoid a 
Markov yia xrjv ojxoia xo uijxgioo jxiOavoxtjxcov usxdjkxorjg P eivai ausicoxo. 
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Opiapog 2.2.5 (Mr| jtepioSiKi) AkooxSa Markov). Mi] jcegiodiK?] aXvoida Markov eivai ma 
ausLonr] a Avoid a zr/g ojioiag to firfxgcbo jnOavozrfzcov uszdjiaoijg eivai nomzaoyiKo. 

H jcepioSiKoxrixa oipeikexai axo yeyovoq oxi Ka0e Kaxaaxaai] £7tavakap|3avexai Kara 
jcepioSim xpovLKa 5iaaxi)paxa. H TtepioSoq eivai o 5eiKxr|q pi] jcpooxapxiKoxrixaq ojtooq 
avaipepexai Koa axo Oeobpripa 2.1.4. riepioSiKi) eivai pia apeiooxi] akoaiSa Markov xi]q 
ojtoiaq xo pi]xpobo jci0avoxf|xoov pexa|3aai]q P eivai pi] jtpooxapxiKo. 

H Kaxavopi) jci0avoxi)xoov xoov Kaxaaxaaeoov piaq akoaiSaq Markov pjtopei va ava- 
rcapaaxaOei pe eva Siavvofia m6avozr]za>v Katdozaorjg p T = (pi,p 2 , ...,p„), ojioo oka xa 
axoixsia xoo avi]Koov axo 5iaaxi]pa [0, 1], Kai e^oov aOpoiapa 1. Ka0e axoLxeio xoo 5ia- 
voapaxoq m0avoxi)xoov Kaxaaxaai]<; avxiaxoi/ei. ae pia Kaxaaxaai] piaq akoai6aq Markov. 

Opiapog 2.2.6 (Aiavoapa 2xa0epoov Ili0avoxi)xoov Mexa|3aai]q). Aiavvopa ozadegcbv m- 
OavoTT]TQ)v Kazaozaor\g mag aXvoidag Markov fie uijzgibo mOavozijzcov fiexaflaorjg P eivai 
eva diavvofia 7r T yia zo ojzolo ur/vei i] oyj:or\ 7r T P = 7r T . 

Aq 8Jtiaxp8i]ioijp8 yLa aKopi] pia cpopa axo rcapaSeiypa xoo xo^aioo jcepiTtaxoo. 2xo 
|3i)pa k = 0 o jtepii]yr|xi)q pjtopei va ^£Kivi)aei aTto pLa Kaxaaxaai] xr|q oraoiaq xo avxiaxoixo 
OXOLX8LO xoo p 0a pTtopooae va eivai 1 yia jrapaSeiypa, evob oka xa ojtokouta eivai 
pi]5ev. H Kaxavopi) Jti0avoxi)xoov Kaxaaxaai]q axo |3i)pa k = 1 8(vexai ajro xo Siavoapa 
jci0avoxr|X(jov p T P Kai axo k - 2 and xo (p T P)P Kai ooxoo Ka0e^i)q. Me aoxov xov xpoTto 
pTiopoope o7ioia5i]jroxe axiypi) va ojcokoyiaoope xr]v Kaxavopi) ju0avoxi)xoov Kaxaaxaai]q 
ae ojroio5i)jtoxe |3i)pa e/ovxaq ooq 5e5opevo povo xr|v ap/iKi) Kaxavopi) Kai xo pi]xpooo 
Tti0avoxi)xoov pexa|3aai]q P. 

Av ejaxper]ioope ae pia akoaiSa Markov va eKxekeaxei yia jtokka xpoviKa |3i)paxa, m- 
0e Kaxaaxaai] 0a jcpoajtekaaxei pe aoxvoxr|xa Jtoo e^apxaxai and xi] 5opi) xi]q akoaiSaq. 
Kax' avakoyia, o 7tepir|yr|xi)q emaKejtxexaiopiapeveq aekiSeq (yia jcapaSeiypa Sripoipikeiq 
aekiSeq ei5i)aeoov) aoxvoxepa ajro akkeq. Maq evSiaipepei koiTtov, oi Kaxavopeq jciOavoxi)- 
xoov Kaxaaxaai]q va pr|v akka^oov pexa ajro pia pexapaai]. @a jrpoxoopi)aoope xobpa axr|v 
ejtaKpi(3i) 5iaxojtooar| aoxi)q xi]q koyiKi)q, KaOopi^ovxaq xiq aov0i)Keq ojio xi<; OTioiet; r| Ka¬ 
xavopi) Jti0avoxi)xoov Kaxaaxaar|(; [iiaq akoai'ciaq Markov ooyKkivei ae pia aoyKeKpipevr| 
xipi) axa0epi)<; Kaxaaxaar|(;. 'Oxav Kai av r| akoaiSa cpxaaei ae pia axa0epi) Kaxavopi), 
xoxe 5iaxT]pei xr)v Kaxavopi) aoxi) ae 6keq xiq pekkovxiKeq xpoviKeq axiypeq. [18, q. 167] 

2.2.1 Epyo6iKOTt]Ta 

Mia jcejtepaapevoov Kaxaaxaaeoov akoaiSa Markov kepe oxi eivai egyodiKi] av eivai afieicozr] 
Kai fir] jzegioduci]. 
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0£(')pr|jitt 2.2.1. Mta jcejtegaoyevcov Kaxaoxaoscov, auskoxi], kou egyodtKtj akvotda Markov 
E/y:t xtg jiagatcaxa) tdtoxijxeo: 

• i] akvotda e/et tua uovaduo'] oxaOegij Kaxavout] jxtOavoxrjxcov n 1 . 

• yta trade j teat i, xo ogto lim^o, Pj. vjtdg/et teat etvat avegagxtjxo xovj. 

H spyo5iKoxr|xa sivai pia jtokb ar|pavxiKt] i6ioxr|xa yia xo Ttpo|3kr|pa Kaxdxatpq jeon 
paq aTtacryoksi, aipob av r| akuaiba Markov sivai spyobuo] xoxs avs^apxr|xa goto rig 
apyiKsq m0avoxr|XEq, aoxt] auyKkivsi as eva povabuco avakkoiooxo psxpo Jti0avoxr|xaq. 
[24, q. 168] 

2.3 Exedov n^ripi^g Ava^uaipotiita 

Ta auaxf|paxa iron pjtopobv va yoopiaxobv as blocks ps uq akkriksjtibpaasiq avapsaa ora 
blocks va sivai pr| pribsviKsq, alia puepsq ae abyKpiar] ps uq akkriksjubpaasiq svxoq xoov 
blocks, yapaKxrpi^ovxai ooq Nearly Completely Decomposable (NCD). Ol Simon Kai Ando 
[32] aaxokt]0i]Kav jtpobxoi ps xr|v avaknar] NCD anaxr|pdxoov Kai aKokon0r|as o Courtois 
[8], o ojtoioq bspskXooas Kai pa0r|paxiKd xrjv ibsa xr|q Decomposability. 

2xr| 0soopia ju0avoxf|xoov, pia NCD Akuaiba Markov sivai pia akuaiba Markov xr|q 
ojtoiaq o yobpoq Kaxaaxdaeoov pjtopsi va 5iaips0si as K blocks ps xsxoiov xpoTto, obaxs oi 
psxapdasiq psxa^n Kaxaaxaasoov xon ibiou block va sivai tuo jci0avsq aTto xiq psxa|3a- 
asiq psxa^n Kaxaaxaasoov non avr|Kouv as biacpopsxiKa blocks. To axoyaaxiKo pr]xpobo 
jci0avoxr|X(jov psxa(3aar|q piaq NCD akuaibaq Markov pjtopsi va EKippaaxsi ooq s^r|q 


Pll 

Pl.2 ••• 

Pl.K 

P 2 .l 

P 2 ,2 -.. 

P 2 ,K 

Pki 

Pk,2 - - - 

?K.K 

| = 0(1), i = 1,2, 

...,K 

HPyll 

= O(e), i jtj 


ojton e sivai svaq iKavojtoir|xiKa puepoq 0sxiKoq api0poq. 

©soopobps sva n x n apsiooxo axoyaaxiKo prjxpobo P, jtou avajtapiaxa xo px|xpobo jci0a- 
voxr|X(x)v psxa(3aar|q piaq spyobiKpq a/mai'baq Markov, ©soopobps sm'apq, xr\ axo/aaxikT] 
biabiKaaia y t ps t e N. Ta auaxr|paxa Ttou paq svbiaipspouv syonv xr]v popq)r| 
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yj + 1 = y7 p 


To P pjtopsi va ypacpei ooq e^r|q 


P = P* + £C (2.3) 

ojtou P* sivai eva block-Siayobvio pr|xpobo xd^r|<; n jtou Sivexai ajto 

P* = Diag(P*,P*...P£) 

ojtou xa pr|xpobaP*, i = 1, 2,..., K, eivaiapeiooxa axo^aoxim pr|xpobaxd^r|<; n(i). Euvejtobc;, 
xa aOpoiapaxa xoov ypappobv xou pr|xpoboi) C sivai oka pr|Ssv. To pr|xpobo C Kai o pr| 
apvrjxiKoq apiGpoq l ejtiksyovxai pe xsxoiov xpojto, obaxe yia Ka0s ypappi] m,, i = 1,2 ,K 
va la^iiei: 


P mi .y (2.4) 

J*l 1=1 J*i 1=1 


Kai 


^ = m m ax( ZZ Pm '4 ) ( 2 - 5 ) 

j*i 1= 1 

6 Jr ox; P nny, oi![.i() 0 /a''C 8 [ xo axoi/sio axr|v xopi) xr]q m-oaxriq ypappr^ Kai i-oaxr|<; axr|kr|<; 
xoa ujtopr|xpoboi! Py xod P. H Jtapdpexpoc; Z, avacpspsxai, ooq o psyiaxoc; paGpoc; aii^8U^r|(; 
psxa^b xoov , imoauaxr|pdxoov P* ( . 

'Eva jtapaSeiypa xoov pi]xpoboov P, P* Kai C pjtopsi va sivai xo e^f|<; 


0.5 

0.45 

0.05 

0.6 

0.375 

0.025 

0.025 

0.025 

0.95 


ps xr| axeai] P = P* + £C va Sivexai ajto xo: 
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0.5 

0.5 

0 


0 

-1 

1 

p = 

0.625 

0.375 

0 

+ 5 X 10~ 2 

-0.5 

0 

0.5 


0 

0 

1 


0.5 

0.5 

-1 


p 


* 

1 


0.5 0.5 

0.625 0.375 



2up|3o>a^oijp8 pe j)*(Ji), i = 1,.... n(i) tiq iSioxifiec; tod P* KaL v TCoOexoupe Jtooq pTtopoupe 
va xk; xa^Lvopf|aoup£ pe xCcolo xpojto oboxe: 


jr(l t ) = 1 > |iT(2 t )| > |7?*(2 i )|... > mn(})d\ 


Ol LtHoxLpeq jcod 5ev eivai Loeq pe 1 0a Ttpejtei va eivai SLaKpixeq. 

2xa NCD auaxf|paxa r| 5uvapLKf| aupatepupopa xou P pTtopei va TtpoaeyyLaOeL ajto xr|v 
peXexr) xou prixpooou P*. r\a va yivei auxo, 0a jcp87t8L va peXexr|0oiJv axoxaaxLKa auaxf|paxa 
xriq popcpf|<; y*^ = y* t T P* KaL va e^exaaxouv ol auv0r|K£<; imo xic, onoieq xo povojtcm jcod 
aKoXoo08LT| 5La5LKaaLa y* 0 , y\,y\... ovyKkivei oxo aKpLpeq y 0 , y 1( y 2 ,.... 0a jxpejteL 5r|Xa5f| 
va £^exaax£L r| aupjtepLLpopa xou auaxf|paxo<; axov xpovo. ria jtepLaaoxepeq XejtxopepeLec; 
a/exLKa pe xriv 6uvapiKT| aupjtepLLpopa xoov NCD aoaxripaxoov KaL xriv e^e^i^r] xooq oxo 
Xpovo 0a pjtopouae kcotoloc; va avaxpe^eL oxo [8]. 
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Keqxxkaio 3 

AkyopiOpoi KataTa|t ]5 


O akyopi0po<; NCDawareRank [26, 29], sivai evaq akyopibpoq Kaxdxa^riq jtou eKpexakkeii- 
£xaixr|v LspapxLKf| 5idp0pooar| xou PlayKoapiou Iaxou Kai jtaxa Siaia0r|xiKd oxr|v iSioxr|xa 
NCD, jxpoKsipsvou va yeviKeuaei Kai va pekxiobaei xoao jtoioxim oao Kai uttokoyiaxim 
xov akyopi0po PageRank [5, 31]. 

2e axixo xo Keipdkaio, 0a jtapouaiaaoupe ap^iKa xov pa0r|paxiKo aukkoyiapo xou 
PageRank, o ojtoioq 0a aTtoxekeaei axr| auvexeia xr| (3dar| xrjq pe065ou paq. 'Ejteixa 0a 
jcspLypoa^onpe xov NCDawareRank, and xov ojtoio Txriya^ei ouaiaaxiKa r| KevxpiKf| xr|<; i5ea. 
Oi 5uo auxoi akyopi0poi sivai axeciiaapevoi ooaxe va e^ayouv eva Siavuapa Kaxaxatriq 
pexa^u xoov aekiSoov xou PlayKoapiou Iaxou, Kai pTtopouv va ecpappoaxouv KaL as jtokka 
akka ypacpf|paxa TtpaypaxiKou Koapou. 


3.1 O cdyopiOpog PageRank 

3.1.1 To (wovtc^o too Tu/aioo nepitiytitri 

Ext] awC/eia 0a TtepLypa^onpe xov akyopi0po PageRank aKokonOo'ivxaq xr\ ankkoyLOxiKf| 
jcopeia xou |3i|3kiou [18]. 

O akyopi0po<; PageRank, xoov L. Page Kai S. Brin, aupTtepupepexai aav evaq xu/oaot; 
JtepLT|yi'|xr|q, jcou pexapaivei aTto aeki5a ae aekiSa aKokou0oovxa<; xn^aia 5ia5oxiKa links, 
Xoopiq va xov aTtaa/oksi xo Jtepiexopevo. 2e Ka0e |3f|pa, pexapaivei ajto xr|v xpexouaa 
Kopixpr| a ae pia xuxoaa ejukeypevr] Kopucpf| jrpoq xr|v ojtoia Sekvei r\ a. Tia TtapaSeiypa 
[22, <;. 522], xo a^pa 3.1 jcapouaia^ei xov xu)(odo Ttepir|yr|xf| axr|v Kopucpr| a ojtou pjtopei 
va aKokou0r|a£i pia aTto xiq xpeiq aKpeq Ttpot; xiq Kopucpei; b, c Kai d. 2xo ejtopevo xpoviKo 
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2xu|pa 3.1: Sxiypioxujto xu/oaou Tteputaxou 

|3r|pa 0a jcpoxoopf|a8i ae pia and xiq xpetq Kopucpe<; pe 7u0avoxr|xe<; 1/3 yia xr|v Ka0epia. 

Me fidai] aim'] xr\ koyiKi]. pjtopoupe va KaxaaKeuaaoupe eva piyxpcoo ja0avoxr|x(jov 
pexa|3aar|<; H xo oitoio TtpoKUTtxei aato xr|v KavoviKOTtoir|ar| Kaxa ypappeq xou pir|xpobou 
ysixvLaariq xou ypacpripaxoc; Iaxou. To pr|xpobo auxo eivai ujtoaxoxaaxKo Ka0oo<; oi pr| 
pr|SeviKe<; ypappeq xou eivai axoxaaxiKeq. To H Sivexai and xov xutlo 

{ j- av uTtapxeL aKpp aito xo v oxo 

u 

0 a/JMoq 

ojtou auppoki^oupe pe Q u xo auvoko xoov Kopucpobv Ttou patopoupe va ejuaKecp0oupie ps eva 
|3r|pa aTto xr|v u Kai pe d u xov (3a0po e^oSou xriq u. 

Ti auppaivei opoot; pe xiq pr|SeviKe<; ypappeq; Ti auppaivei Sr|kaSr|, oxav r\ Kopucpr| Ttou 
pplaKexai o xuxotLoq jcepLT|yr|xr|q Sev exei e^epxopeveq aKpeq r\ aKopr| oxav eyKkoopiaxei 
ae kootolov ppoyxo; Tia va avxipexoojuaouv eva xexoio evSexopevo oi L. Page KaL S. Brin, 
eSooaav axov xuxodo Jtepir|yr|xr| xr| Suvaxoxr|xa xx|A,epexacpopd<;. Me xr|v xr|A,epexacpopd, 
pTtopel va pexacpep0ei and pia Kopucpr| ae ojtoiaSriJtoxe akkr| Kopucpr| xou ypacpripaxoc; 
Iaxou. Auxo 0a pjtopouae va xo Kaxacpepei axr|v jtpa^r| JtX^KxpoXoyoavxaq a7teu0eia<; eva 
URL axr| ypappr| Sieu0uvaeoov xou cpulAopexpr|xr| xou. O Ttpoopiapioc; piac; xr|kepiexacpopd<; 
eJtikeyexai opoiopopcpa Kai xu/caa arco 6 Xeq xiq oekideq. Me dXka Xoyia, av xo 7tkr|0o<; 
xoov Kopucpoov xou ypacpripaxoc; elvai n, r| xr|kepexacpopd pexacpepei xov xu^aio TtepLT|yr|xr| 
ae Ka0e Kopucpr| (aupjtepiA,ap|3avopevr|<; KaL xr|<; xpe)(ouaa<; Kopucpr|<;) pe ju0avoxr|xa 1/n. 

2xr|v ava0ear| xr]q |3a0pokoyia<; PageRank ae Ka0e Kopucpr| xou y pacpi]paxoq Iaxou, t] 
Suvaxoxr|xa xrp; xr|kepiexacpopd<; xp^otpomneixai P e duo "cpojtoua: 

• 'Oxav o xuxouoc; 7tepir|Yr|xr|c; |3pe0ei ae Kopucpf| xwpic; e^epxopeveq aKpec; Sev exei 
eitikoyec; piexa|3aar|c;. Apa 0a Ttpejtei va xpr|aipioTtoir|aei xrjkepiexacpopa. Tia va yivei 
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aoxo eipiKxo oi ypappeq xoo H tcoo eivai (ae<; pe 0 T 0a Tipejtei va avxiKaxaaxa0oov 
pe ^e T , obaxe xo H va yivei axo^aoxaco pr|xpobo. 

• 2e Ka08 Kopocpi] pe e^epxopeveq aKpeq, evepyojtoiei xr[v xr^epexaipopa pe ja0a- 
voxrixa 1 - e i] aovexi^ tov xo/cuo Jtepijtaxo pe ju0avoxr|xa e, ojioo e eivai pia 
axa0epf| Ttapapexpoq ejuXeypevi] £K xoov jcpoxepoov Kai laxoei 0 < e < 1. 'Exai, 0a 
e^aacpaXiaxei Kai r| jxpooxapxiKoxrixa xoo H. 

Me (3aar| xiq jxapajtavoo 5iop0obaei<; axov xo^oao jcepijtaxo, 0eoopoope eva prixpobo S 
tcoo 8Ktppa^8L xo H pexa xr|v avxiKaxaoxaar| xoov 0 T ypappobv xou, 5r|Xa5f| S = H + a( ^e T ), 
ojioo a ; = 1 av r| Kopoqrri i 5ev 8%8i e^epxopeveq aKpeq Kai eva opoiopopcpo prjxpobo 
xr^epexaipopaq E = ^ee T . To xeXiKo prjxpobo tcoo jipoKxmxei ajto xov aovSoaapo xoxoaoo 
TtepiJtaxou Kai xrjXepexacpopac;, xo Xeyopevo pr[xpobo xr|<; Google [18, q. 37], eivai xo 8^f|<; 


G = eS + (1 - e)E. 


(3.1) 


3.1.2 O imo^oyiaiao? tov diavva^ato? PageRank 

H Jtpooappoyf| JtpooxapxiKoxr|xac; jtoo 7tepiypai|iap£ axr|v Ttporiyoopevr] 07toev6xr|xa e)(£i 
xvq e^f|(; aovejteieq [18, q. 38]: 

• To G eivai oxoxaoxiKo. AjtoxeXei Kopxo pr|xpobo 56o axoxaaxiKobv pr|xpoboov S KaL E. 

• To G eivai apeiooxo. H pr| peiooaip6xr|xa e^aacpaTX^exai apeaa, acpoo Ka0e Kopoipi] 
aovSeexai apeaa pe okzq xiq bXKzc,. 

• To G eivai pr| jcepioSiKo. H pi] jtepio5iK6xr|xa oipeiXexai axooq i5io|3poyxoo<; xoo 
ypaq)i]paxoq. 

• To G eivai jcpooxapxiKo, 5ioxi 07tapx£i aKepaioq k xexoioq obaxe G fc > 0 (Kai paTxaxa 
aoxo laxoei i]Sr| yia k = 1). Aoxo aoveTtayexai oxi ojtapxeL eva povaSiKo 0 exiko 
S iavoapa n T KaL oxi av pLa 5ovapope0o5o<; eipappoaxei axo G, 0a aoyKAxvei aiyoopa 
ae aoxo xo Siavoapa. 

• To G eivai a7toXoxoo<; tcokvo, jtpaypa iSialxepa Soaapeaxo ajto ojto7,oyiaxiKr|<; jcXeo- 
paq. Eoxoxobq, opooq, xo G pTtopei va ypacpxei ooq evr|pepooar| jcpobxr|q xa^r|<; axo jtoXo 
apaio prjxpobo ojcepaovSeapoov H. 
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(3.2) 


G = eS + (1 - e)—ee T 
n 

= e(H -t— ae T ) + (1 - e)—ee T 
n n 

= eH + ( ea + (1 - e)e)—e T . 

n 

Ev okiyoic;, r| 7tpoaappoapevr| pe0o5o<; PageRank xr|q Google eKcppa^exai ajto xr|v ejta- 
vakr| Jtxi K'i] rHaouTi] 


t r (k+1)r = 7r (fc)T G (3.3) 

5r|ka5f| eivai pia 6uvapope0o5o<; e(pappoapevr| axo pr|xpooo xr|<; Google. 

H 5uvapope0o5o<; elvai pia and nq Ttakaioxep eq Kai ajtkowxepec; ejtavakr|7txiKe<; 
pe065ou<; 8i)pear|<; xoov ejtiKpaxoov iSioxipoov kou iSioSiavuapaxoov evoq pr|xpoooij Kai 8Jto- 
pevoot; pjtopei va 7 pr|aipojtoir| 0 ei yia xr|v e6pear| xou axaOepoi) cHavuapaxoc; piag akuaiSac; 
Markov (xo oxa0spo Siavuapa 5ev eivai xiJtoxa akko jtapa xo emKpaxeq apiaxepo iSioSia- 
vuapa xou prixpooou ja0avoxT]xoov pexa|3aar|<;). Gaxoao, eivai e^aipexim apyf| mi r| jtio 
apyf| ae a)(8ar| pe akke q 87tavakr|TrxiKe<; pe066oo<; (Gauss-Seidel, Jacobi [33], Kai kouta). 

Ol koyoi 8Jtik8X0ilK8 r| pe0o5o<; arm), eivai yiaxi eivai Jtoki) ajtkr|, Kai ejtiTtkeov av 
ecpappoaxei axo G, ojuik; axr|v e^iawari 3.3, pxopsi xekim va eKtppaaxei peaoo xou jcokb 
apaioij pr|xpooou H 


7X (,C+ DT = 7X (fc)T G 

= e7r (!c)T S + (1 - e)—7r (fc)T ee T (3 4) 

n v ‘ ’ 

- e7x (,c)T H + (e7r <fc,T a + (1 - e))—e T . 

n 

Ol TtokkaJtkaaiaapoL MV (7r (fc)T H) aipopouv xo iSiaixepa apaio pr|xpooo H. Ta S Kai G 6ev 
Xpeia^exai va imokoyiaxobv ouxe va a7to0r|K8oxoiJV. To povo jtoo xpeia^exai eivai xa Sia- 
vuapaxa xa^r|<; sva a Kai e aTto xa ojtoia axr|paxL^ovxai xa pr|xpooa aoxa. Yjtev0upi^oupe 
oxi Ka0s jxokkaTtkaaiaapoc; MV e)(ei jcokojtkoKoxr|xa O(n) [18, 40]. 

Oaov aipopa axr| auyKkiar|, r| 5uvapope0oSo<; oxav eipappo^exai axo pr|xpooo xr|<; Google 
G axaixei povo 50 JtepiJtoo 8Jtavakf|^SL(; yLa va auyKkivei. TjtapxsL Kaxi axr| 6opf| xoo G 
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tcoo Simiokoysi aoxf|v xr|v xa)(£ioi aoyKkiar] Kai xr|v 8^f|yr|ai'| xr| 5 ivei r| Osoopia Markov. 
'Oxav r| 5ovapop£0o5o<; scpappo^sxai as svav pr|xpooo, o aaopTtxooxiKoc; poGpoq aoyKkiar|<; 
xr|<; E^apxaxai ano xov koyo xoov 56o psyakoxEpoov Kaxa psxpo iSioxipoov, fl l Kai fl 2 • Tia 
xt)v aKpLpEia o aaopTtxooxiKoc; poGpoq aoyKkiar|<; sivaio poGpoq ps xov ojtoio |/? 2 //6| fc —» 0. 
rLa axo^aoxim pr|xpooa, ojtooq xo G scoops /)i = 1 Kai ETtopEvooq r| aoyKkiar| KaGopi^sxai 
aTto xo |/? 2 |. AsSopevoo oxl xo G sivai jxpooxapxiKo, scoops |/? 2 | < 1. O apiGprixiKoc; 
ojtokoyiapoq xriq i5ioxipr|<; fl 2 svoq pr|xpoboo eyei psyako ojtokoyiaxiKo Kooxoq KaL 5 ev 
a^L^si va ojcokoyiaxsi povo Kai povo yia va yivsi pia £Kxipr|ar| xoo aaopjtxooxiKoo poGpoo 
auyK/aariq. 

©Etopripa 3.1.1 (TjtO£JtLKpaxr|(; i5ioxipr| xoo pr|xpoooo xr|<; Google). Pia xo [itjxgcbo x?[g 
Google G = eS + (1 - e)^ee T , 


|7? 2 (G)| < e. 

Xx jzEQLjcuooi-j jcov |y? 2 (S)| = 1 (to oico'lo ovujkdvxi ovyyo. kayco xijg UEicooiuoxijxag xov S), 
syov[is oxl |/) 2 (G)| = e. EirouEvcog, o aovimxcoxiKog ovOuog ovyKAioijg xtjg dvvauouEOodov 
Page Rank xi]g st,Loa)or]g 3.4 sivai o ovOuog [is xov ojxolo e k —> 0. 

2xa apGpa xooq [5, 31], oi S. Brin Kai L. Page xpr|aipojtoioov xriv xipr| e = 0.85 Kai 
aixiokoyoov avakoxiKa xr|v £jtikoyf| xooq aoxf|. 

3.1.3 Aduvajwie^ 

Elapoko Ttoo o PageRank e^ei aTtoSsixGei Jtooq sivai evag olko xooq tuo a7to5oxiKoo<; akyo- 
piOpooq KaxaxaE,r\g axov PlayKoapio Iaxo Ttapooaia^Ei apKsxs^ aSovapisq. Mia ano aoxsq 
sivai r| £oaia0r|aia xoo axo link spamming, xo ojtoio jispikappavsi xr^v aKojtipr| 5r|pioopyia 
psyakoo apiGpoo askiSoov oi ojtoiec; Sel^voov oe pia aoyK£Kpip£vr| askicoa, ps axo)(o xr|v 
x£xvr|xr| £VLO)(oar| xr|<; paGpokoyiaq xr|<; xsksoxaiac; [30]. 

Akkr| pia aSovapia, Ttposp^Exai aJto xo ysyovoq oxi xo ypcupr|pa Iaxoo sivai E^aipsxiKa 
apaio. Sopcpoova psxic; Ep£ovr|xiK£<; Epyaaisq [16,3,6] Kaiakksq pExaysvsaxEpEc;, o apiOpoc; 
xoov ojtEpaovSsapoov ava askiSa aKokooGsi svav ekGexikti vopo, aopcpoova ps xov ojtoio 
xo aovokiKo jtkriGoq xoov askifioov ps (3a0po EiaoSoo i sivai avakoyo Trpoq xo l/i tt , ps xo a 
va avaipspsxai ajto xiq jtEpiaaoxspEi; pskEXEt; va sivai 2.1. Aoxo o5r|y£i as apKsxa apaio 
prixpooo ojr£paov5£apoov. Ejujiksov, xexoioo EiSooq Kaxavopsq Kavoov xiq TaGavoxrixEq 
jcoo rcapayovxai pEaoo xoo PageRank va pEioovovxai Traki aopcpoova ps xov ekGexiko vopo, 
KaGiaxoovxaq a56vaxo as opiapsvEq askiSEq va a7TOKxf|aoov pia koyiKi) (3a0pokoyia, EiSiKa 
oxav aoxst; sivai veoeloepxopevec; [26]. 
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3.2 O cdyop 10^0$ NCDawareRank 


3.2.1 A^iojtoicbvTa? x\\\ H^box nA,r|pr| AvcdoaijaoTtiTa 

O oroxog xoov onyypaipeoov xoov [26, ;], f|xav va naponoiaaonv pia vea npoaeyyior], non 
eicpexakkenexai xo yeyovoq oxi o nayKoopioq Ioxoq pnopei va 0eoopr]0£i NCD onoxxipa, 
ooaxe va napayonv Kaknxepr]<; noioxT|xa<; Kaxaxa^T] ae ayeor] pe xov PageRank. H idea 
navoo axr|v onoia oxT|piyxT|K£ o NCDawareRank, eivai oxi r| lepapyuci] 5iap0pooor] xon 
yoopon xoov oekiSoov 0a pnoponoe va aneucovioxei KaL oxo xekuco pr|xpobo. ria koyong 
non nepiypaipovxai avaknxuca oxiq epenvT]xiK£<; epyaoieq [26, 14, 4], r| paouci] pova5a 
5iaipeoT|<; xon yobpon xoov oekiSoov eivai o loxoxonoc;, exoi oi oeTiSec; non avf|Konv oxov (5io 
loxoxono 0eoopeixai oxi anoxekonv eva NCD block. 

EIlo onyiceicpipeva, yivexai r| nnoOeoi] noog o xnyaioc; nepiT|yTixT|<; eyei psyaknxepi] ni0a- 
voxr|xa va pexapei peooo xt|<; ypappf|<; 5ien0nvaeoov oe Kanoia oekifia non avx|Kei oxo (5io 
f| ae Kanoio ano xa yeixovuca NCD blocks. Me anxov xov xpono, i] nnap^T] e^epyopevon 
nneponvSeopon eKxoq xon oxi evioynei xr\ |3a0pokoyia xt|<; oekiSac; npog xr|v onoia Sekvei, 
evioynei Kai xr| |3a0pokoyia xoov oekiboov non avx|Konv oxo 15io Kai oe yeixovuca NCD 
blocks. 

H iSia koyiKi] aKokon0eixai oxa [27, 28], onon oi iSioi onyypaipeic; npoxeivonv eva top-N 
recommendation nkaioio, xo onoio eicpexakkenexai xr|v Kpnppevi] lepapyiKT] 5opi] xon yobpon 
xoov avxiKeipevoov non eipappo^exai avxipexooni^ovxac; exoi xo np6|3kr|pa xt|<; apaioxT]xaq. 
Makioxa, xovi^onv noog r| nkeiOT|}T|(pia xoov apaiobv ypaq)T|paxoov xon npaypaxucon Koopon 
Kpnpei pia lepapyuci] 5opi] ano NCD blocks. 

3.2.2 To Movte^o NCDawareRank 

H paoiKi] iSea niooo ano xov akyopi0po eivai va aneucovioxei pe Kanoiov xpono oxo xekiKo 
pr]xpobo T| cpoouci] NCD i5i6xr)xa xon riayicoopion Ioxon. Anxi] r| aneucovior] yivexai oxo 
pr)xpooo xr]kepexaq)opa(;. 

Me XT] xpi]OT| napopoiaq pa0T|paxiKT|<; 5iaxnnooar]c; pe xi]v evoxT|xa 3.1 xo avxioxoiyo 
pT]xpobo G Siapopcpobvexai ooq e^T|<; 


G = pS + pM + (1 - p - r \)E 


(3.5) 
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To pr|xpooo E = ^ee T , ojtooq SLvai (pavspo, BLvai opoLO ps xo pr|xpooo xr|kEp£xa(popa<; 
xriq pE0o5ou PageRank. H jcapapexpoq pi, pe 0 > pi > 1 - ip sjaksyexaL exol oooxe va puOplasL 
xo Kaxa jtoao o xu/oaoc; 7t£pLT|Yr|xf|<; EjuksyEL va psxapei aJto xr| ypappf| SleuOuvoeoov oe 
asklba Evoq yELXOVLKoi) block f| as pia OTtoLa5f|jtoxE asklba xu^ala. Ol jtapapsxpoL tcou 0a 
XpriaipojtoifiaoupE yLa va TCEpLyparpoupE xo povxsko Eivai ol £^f|<; 

• 'Eaxoo TV xo auvoko xoov Kopucpoov xou ypa(pr|paxo<; Kai n = |TV|. 

• 2up|3okL^oup£, ps u pLa Kopu(pf| jtou avf|KEi axo TV, ps Q u xo auvoko xoov Kopucpoov 
Jtou pTtopoups va EJtiaKB(p0oi)pE ps Eva |3r|pa ajto xr|v u Kai ps d u xov (3a0po E^obou 
xriq u. 

• ©soopoups sva auvoko bLapsplasoov tou TV. Ka0s xexolo ujtoauvoko 

3\i opL^si sva NCD block. Eivai jcpoLpavEq oxl yLa Ka0£ Kopucpf| u e TV ujtapx£L 
povabiKO K XEXOLO OOOXE U € J{ K . 

• 2up|3okL^oup£ X u xo auvoko xoov NCD blocks Jtou avf|K£L pLa Kopu(pr| u KaL ol yeixo- 
viKsg KopuLpsq, br|kabf|, 

X u = U &(w) 

we(uU(P u ) 

• Tskot;, ps N u auppoki^oups xov apL0po xoov bLa<pop£XLKoov NCD block axo X u . 

TLa va £^r|yf|aoup£ xr|v akkayf| axr| aupjtEpLtpopa xou xu/oaou Jt£pLT|yr|xr|, Osoopoups 
jcoog xo pr|xpooo pExapaasoov S EivaL pjtopEL va avaku0£L as N ujtoauaxf|paxa. 'Eaxoo jcooq 
o xux«lo<; jt£pLT|yr|xr|(; pplaKsxaL oe pla asklba u jtou avf|K£L oe sva block xou S. Toxe, 
0£oopoup£ jtooa: 

• p£ jcL0avoxr|xa ip o JCEpLT|yr|xr|q 0a aKokou0r|a£L kootolov ajto xouq E^Ep^opEvouq 
ujtEpauvbsapouc; opoLopopcpa KaL ps ju0avoxr|xa l/d u . 

• p£ 7a0avoxr|xa 1 -rp 0a psxacpEpOsL psaoo xrp; ypapprp; 6 l£u0uvoeoov oe pla vsa asklba 
KaL auyKEKpLpsva: 

- ps jcL0avoxr|xa pi 0a psxapEL as pla asklba xou l6lou block, f| oe pLa asklba evck; 
yELXOVLKou block. 

- p£ jtL0avoxr|xa 1 - ip - pi psxapaLVEL oe pla ojtOLabf|jtox£ asklba. 

Mjtopoups va EKcppaaoups xo prixpooo xr|<; £^Laooar|<; 3.5 oe popq)f| jclo |3okLKf| yLa xov 
UTtokoyLOpo xriq buvapopsObbou ooq £^r|<; 
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(3.6) 


G = 77S + r^M + (1 - 77 - p)—ee T 

n 

- r\{ H H— ae T ) + pM + (1 — 77 — pi)—ee T 
n n 

= rjH + pM + ( ar[ + (1 — 77 — p)e) —e T . 

n 


ojlou xa prjxpoba H mi M blvcxl apaLa KaL xa axoL/ela xoug opl^ovxaL 00a: 


Koa 


U, avveQ u 
0, aXXiooq. 


M, 


N U IA«)I 


0, 


av v 6 X u 
ot/Jao'iq. 


H 7tpoa0f|Ki'| xou px|xpobou M ekxoq ano xr|v jcoioxikti peXxiooari jxou jcpoacpepeL, a(pou 
BKcppa^si Ttio peaXLOxiKa xr| aupjtepi(popa xoov jcspiriyrixobv xou Iaxou, |3or|0a£i KaL u- 
jcoXoyLaxLKa. 'Ojtax; eljtape, xo pr|xpobo Google, G, ©eoopeixai NCD koyoo xoov cpuaLKobv 
XapaKxrpiaxiKobv xr|<; auxoopyavooar|<; xou IlayKoapLOU Iaxou. Ouaiaaxim, xo pr|xpobo M 
auppcdXsi axo va a7t£LK0VLax£L Kai axo pr|xpobo xrikepexaLpopac; r| cpuaLKi] NCD i5ioxr|xa 
xou Iaxou. 

Supcpoova pe xa Ttapajtavoo r| 5uvapop£0o5o<; Siapopcpobvexai ooq e^r|<; 


7 T (fc+1)T = 7 T (fc)T G 

= mv (k)T S + jU7r (fc)T M + (1 — 77 — p)—7r ,fc)T ee T (3 7) 

n v ‘ ' 

= ? 77 r (,c,T H + p 7 r (ic,T M + (r[7z {k)T a + (1 - ?7 - p)) —e T . 

n 

O ujtoXoyiapoc; xr|<; Kaxavopf|<; 7tL0avoxT)xoov axa0epf|<; Kaxaaxaar|<; yivexai pe xr| xpr|crr| 
xriq 6uvapope066ou. 'Ojtooq eivai r|5r| yvooaxo ajto xo 08obpr|pa 3.1.1, o pu0po<; auyKAxar|<; 
xriq 5uvapop80o5ou oxav ecpappo^exai ae axo^aaxLKa prixpoba e^apxaxat aTto xo pexpo xr|<; 
ujtOBJtiKpaxout; i5ioxipf|<; fl 2 . IIlo auyKeKpLpeva, o aaupjtxooxiKoc; pu0poq auyKA,Lar|<; eivai 
o pu0p6q Kaxa xov ojlolo, W 2 /Hi\ k — > 0. To aKok)u0o 08obpr|pa Siaxujtobvexai axo [26] KaL 
08X8L xo avoo (ppaypa xr|q ujtoejtLKpaxouc; ubioxipriq xou px|xpobou G xou NCDawareRank. 
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Oedrprpitt 3.2.1. H vjioeJUKQaTijg idioxifir) xou u?]xgo')ou G, jcov XQVoifioxcoieixai and rov 
NCDawareRank akyogiOiio Kai ogiQexai oviupcova fie xr\v eglooioi] 3.5, eyei ava> (pguyua 
77 + pi. 

Elvai oripavxiKo va jtapaxr|pf|aoupe jcooq o PageRank 0a pjtopouae va 0eoopr|0ei ujto- 
JcepiTtxooari xou NCDawareRank pe 6uo xpoTtouo: 

• 'Oxav UTtapxeL eva povacHKo pjtkoK Ttou jtepilap|3avei okeq xiq Kopuepec;, xo M oup- 
JciJtxei pe xo prjxpooo xr|kepexa(popa<; E. 

• 'Oxav e^oupe K NCD blocks, xo Ka0eva arco xa ojtoia Jtepikappavei pLa Kopu(pf|, xo 
M oupjtijtxei pe xo pr|xpooo ujtepouvbeopoov H. 

2xi<; 5uo auxeq aKpaieq jteputxoboen;, o NCDawareRank akyopi0po<; oupjtepapepexai ojtooc; 
o PageRank. Apa 0a ekeye Kavelc; jcooq o NCDawareRank ajtoxekel yevuceuari xou PageRank 


3.2.3 II>i£ov£KTrmaTa 

O akyopi0poq NCDawareRank jtapouoia^ei piKpoxepr| euaio0r|aia oe jtpo|3kf|paxa tcou 
jtpoKakouvxai aTto xriv apaioxr|xa xou emoxoxe ypa(pf|paxo<; oxo ojtolo ecpappo^exai Kai 
avxipexooTu^ei xn; veeq Kopucpeq, jcou 5ev e^ouv jtoXXeq eioep^opevec; aKpeq jcio bucaia. 
Tekoq, eva aKopr| oripavxiKo TckeoveKxr|pa ei'vai jtooq pexpia'Cei xo cpaivopevo xou link 
spamming. 
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Keqxxkaio 4 

Katatalt] ae bipspij 


2xo K£(pakmo auto, 0a pekexr|aoDpe to 7tpo|3kr|pa xr|q Kaxaxa^r|q as 6ipepf| ypa(pr|paxa 
KaL 0a jtpoxsLvoups svav veo akyopi0po Kaxaxa^rp; jtou 0a ovopaaoDps BipartiteRank. O 
akyopL0poq aDXoq, eKpexakkebexaL xriv LbLalxepri block 6opf| xoov bLpepobv ypacpripaxoov 
KaL eiaayei sva block-wise pr|xpobo xr|kspexa(popaq, bLa(popexLKo ano axixo xod PageRank, 
pipobpsvoq Kaxa kcotolov xpojto xov NCDawareRank. 

ApxLKa, 0a bobaoDpe kcotolodc; xPb aL P OI,< i opiapobq KaL 0a TtepLypco^oupe xr|v 8opf| 
xod XD^aLOD jcepLTtaxou ae bLpspr| ypaq)f|paxa blvovxac; jtapabelypaxa KaL xlc; aTtapaLxrixeq 
aTtobeO^SLq. 'EjteLxa, 0a a/okiaaoDpe 0eoopr|XLKa xr|v xa)(bxr|xa abyKk,Lar|q xod akyopL0poD 
paq, r| ojtOLa SLvaL Kaxa jcokb psyakbxepr| and auxf| xod PageRank KaL 0a e^r|yf|aoDpe 
avaknxLKa xo jxooq TtpoKbjcxsL anxo xo ajtoxeksapa. 


4.1 MovTE^ojtoitiati 

4.1.1 Opiapoi 

'Eva bLpspsq ypaq)T|pa slvaL sva ypacpr|pa, xod ojlolod ol KopDtpsq pjtopobv va bLaLps0obv 
as bbo abvoka *V KaL 11 xsxoLa obaxs va pr|v DTcapxei aKpf| jlod va odvSssl psxa^b xoDq 
bbo KopDcpsq xod l8lod odvoXod. EIlo XDTUKa, sva bLpspsq ypaq)T|pa £> pTtopsL va opLaxsL ooq 
S - (K U 'V,<5 S ), otlod K = {u 1( u 2 ,u m }, 'V = {14, v 2 , .... v n }, 11 nT = 0, £ s c "V xH 
KaL 8 %, 11 , 'V ± 0. Eva ysvLKo jtapabsLypa cpalvexaL axo a)(r|pa 4.1. Asbopsvr|q pLaq 
KOpD(pT|q i , 0a ODppokLOODpS 

• ps N xo jckr|0oq xoov KopDtpobv xod £>. 
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SX^pa 4.1: Aifispei; ypacpr|pa 

• pe Di to abvoko xoov yEixoviKobv Kopocpobv x\\q i, Kai pe d t = \D t \ xov |3a0pio E^oboo 
triq i. 

• pe Xi to abvoko Ttoo TtEpikappavEi Tr)v i, br|kabr| tt[v i Kai oXec; tk; ojiokoutEt; KopocpEc; 
tioo avr|Koov oto ibio abvoko p£ tt|v i, Kai [i£ Xi = |/Y(| to 7tkr|0oc; xoov Kopocpobv too 
aovokoo. 

Aq 0£oopr|aoop£ Evav 7i£pir|yr|Tr| 7100 ^EKiva aito pia Kopocpi] Kai ekteXei Evav xo^aio 
JtEpijraxo oe Eva bipEpEc; ypacpr|pa. O 7t£pir|yr|Tf|<; oe Ka0£ |3r|pa pExapaivEi ajto xr[v 
xpExooaa Kopocprp oe Koutoia ajto nq yEixoviKEc; KopocpEq ps opoiopopcpr| JU0av6xr|Ta. 
Eivai cpavEpo axcog oi Ejukoybc; Ttoo e^ei ppiaKovxai axo avu0£TO abvoko Ka0£ cpopa, p£ 
aovEJtsia oe apua (3f|paxa va psxapaivEi oe KopocpEc; too aovokoo K Kai oe Ttspirta oe 
KopocpEq too aovb/.oo 'V r] to avxiaxpocpo. Tr|v xakavTOoari aim] ojtayopEooov acpEvoq 
T| bopr| too ypacpripaxot; Kai acpETEpoo r| Tt£piobiKOTr|Ta too, acpod Eva bipiEpEt; ypacprpia 
Eivai TtEpiobiKo p£ TiEpiobo 2. 'Okoi oi kokXoi too ypacpi]paxo<; e/oov pr|Ko<; TiokkaTtkaaio 
too 2 . 

H i6iaiT£p6xr[Ta aoxf| aTtEiKovi^Exai Kai axo pr]Tpobo p£Ta(3aa£oov H, to ottoio biaipEixai 
oe TsaoEpa blocks . Abo pir|b£viKd TEtpayooviKa blocks axi]v Kopia biayobvio, Kai aoxo yiaxi 
8ev oitapxoov aKpcq picxa^b Kopocpobv too ibioo aovokoo, Kai boo pr] pir|b£viKa avaaxpocpa 
blocks , xa ojtoia Jtcpikappavoov xiq aKpcq pExatb Kopocpobv 7100 avi] koov oe biacpopEtiKo 
abvoko. To H opi^Exai aKpipobq OTtooc; Kai axov PageRank ooo: 

H_ .fi avj 6 T>i 

J I 0 a/Jaobq 
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2tt|v evoxr|xa 2.1 avacpepape jtax; xa (parvopeva xr|<; 7tepLobLKoxr|xa<; Kca xr|<; peLooaLpo- 
xrixaq sivai aveju0bpr|xa oxlc; pe0bbon<; PageRank Kai NCDawareRank KaL 5Lop0oovovxai 
pe xr| |3or|0eia xon px|xpoboo xr|kepexaq)opa<; E. To pr|xpobo anxo psxaq)spsi xov jcepir|Yr|xf| 
ae ojtoLa5f|7toxs Kopoq)f| xou ypa(pr|paxo<; pe opoLopopcpr] Jti0av6xr|xa. 2xr| pe0obo pag, 
eLoayonpe eva akko elboc; xr|kepexa(popac; Tton paal^exaL axr| block bopf| xon ypacpf|pa- 
xoq. O jxpoopiapoc; xriq xr|kepexa(popa<; 0eooponpe oxi ejukeyexaL opoLopopcpa KaL xn^ala 
goto oleq nq Kopncpeq xou xpe^ovxoc; block Ka0e cpopa. Me akka koyLa, av o jc8pLT|yr|xr|q 
ppLOKsxai axr|v Kopnqrri i, xoxe r| xr|kepexa(popa 0a xov psxacpspsi ae Ka0e Kopn(pr| xou X t 
ps 7ti0av6xr|xa 1/x,-. @a pjtoponae ejuar|c; va pexa(pep08L Kai axr|v xpe^onaa 0ear| xou ps 
jCL0avbxr|xa 1 /x f . 

H Lbea xou bLacpopexLKon opLapon xr|kepexa(popa<; jcpor|k0s ajto xov opiapo xon NC¬ 
DawareRank, o ojtOLoq onoLaoxiKa bLa(popojtOLf|0r|Ke and xa Kkaaim povxska xr|kepexa- 
cpopaq eKpexakkenopevoq KaL xr)v block bopf| xon ypacpf|paxo<; njtepanvbeapoov peaoo xon 
prixpooou M. 'Exol, paq obf|yr|ae axr|v avajtxn^r| piaq jtapopoLac; jtpoaeyyLar|<; ae 6ipepf| 
ypaq)r|paxa, pLaq Kai r| block 5opf| xonq elvaL mxi jcapajtavoo ajto jtapaxr|pf|aLpr|. A- 
^i^ei ebob va aripsLobaonps jtooq r| xr|kepexa(popa axov NCDawareRank e^st 8opiKf| akka 
KaL 8ppr|vsnxLKf| arpiaaLa, rcon xeKpripLobvsxaL jckf|poo<; aTto bLoapopec; peksxeq Jton e^onv 
ylvsL axo Jtapsk0ov (pkejte evoxr|xa 3.2). Daxoao, r) 7tpoaeyyLar| paq ae bLpepr| ypa(pf|paxa 
Kkr|povopsL povo xr| 8opLKf| KaL 6 )(l xr|v 8ppr|vsnxLKf| aripaaLa, Sloxl ovoiolotikol blvonpe 
xr| bnvaxoxr|xa axov jc8pLT|yr|xr| va pexapel ae Kopntpec; xon l8lod block, evepyeLa Tton bev 
anpTtepLkappavexaL axov opLapo xon bLpepong ypa(pf|paxo<; (8 loxl bev ojtapxoov pexapa- 
aen; pexa^n Kopncpobv xon IbLon anvokon) KaL anvejtobc; be 0a pjtoponae va bLKaLokoyr|0eL 
eppr|venxLKa. 0a KaxaaKenaaonpe xo prixpobo M xon OTtolon xo ij th oxol^slo opl^exaL ax; 
e'ttic 

f - av j 6 Xi 

= { Xi , 

[ 0 akkLooq 

To prixpobo M e^ei JtapopoLa popq)f| KaL opyavooar| pe xo H, povo jton ae anxi) xr|v jtepl- 
jcxooari xa block xr|q KnpLaq bLayoovlon jtepLkappavonv xl<; opoLopopq)e(; akkr|kejtLbpaaeL(; 
Jton 7tpoaxL0evxaL pexa^n Kopncpobv xon IbLon anvokon, evob xa blocks eKxoq XTiq KnpLaq 
bLayoovlon eivaL pr|bevLKa. 

T La va eKtppaaonpe xr| anvokLKf| anpjtepLLpopa xon xn/alon JtepLT|yrixr| ae anxi) xr\ bLpepf| 
jcpoaeyyLar| 0a KaxaaKenaaonpe eva veo pr|xpobo: 

P = eH + (1 - e)M. (4.1) 

0a pTtoponaape avxl yLa xo H va xpT|aLpojtOLr|aonpe xo S xo ojlolo jcpoKnjtxeL pexa aTto 
jcpoaappoyf| axoxaaxLKoxrixac; axo H (pkejte evoxr|xa 3.1.1), ooaxoao aq)on xo ypaq)r|pa 


35 



u 



I 


/ 


/ 

✓ 


2xnpa 4.2: ripooappoyf| xou xvyaiov jteputdxou oxo Sipepet; ypacpr|pa xou axiipaxot; 4.1 
Tcpoa0£xovxa<; pexapaaeiq (5iaK£Koppeva |3ekr|) pexa^u Kopuipobv jtou avr|Kouv axo l5io 
auvoko. 

eivai pr] Kaxeu0uvopevo, pTtopouv va 7tpoKui|x)uv pr|SeviKe<; ypappec; povo ae TiepiTtxooari 
tcou ojtapxoov eKKpepeic; Kopucpeq. ©eoopoupe jtooc; Sev £%ei vor|pa va aupTtepikapoupe au- 
xeq xiq Kopucpeg axo povxeko. Eitutkeov, xo pr|xpooo E 5ev auppexe/EL ouxe Kaxa eva pucpo 
jtoaoaxo axr| Siapopcpooar| xr|<; xekiKT|<; oupjtepicpopac; xou jiepir|yr|XTi ojtooq oxouq akyopi0- 
pouq PageRank mi NCDawareRank. 'Ojtooq 0a amSei^oupe oxr| auve^eia, r| ouppexo)(f| xou 
pr|xpooou M axr) Siapopcpooari xou xekimu px|xpooou P e^aacpaki^ei oxi xo xekeuxaio eivai 
jtpooxapxiKo. 

Oeioprpia 4.1.1. H akvcndu Markov jcenegao^ievcov Kazaazaaecov /.is lujzgcbo mOavozijzcov 
iiezdfSaorjg zo P, eivai auekozr] Kai ui] JzegiodiK ij (egyodiK?)). 

Ajcodeify i ©eoopoupe eva ypacpr|pa Q - ('ll U Tdfi), oitou 'll n T 7 = 0 Kai 11, *V 4 0. Ta 
ujtoypacpf|paxa Q<u = CW.&w) Kai Q<y = ( r V, £y) eivai Ttkf|pr| ypacpripaxa pe ejtutkeov 
iSioppoyxouc; ae Ka0e Kopucpi] Kai JtpoeKui^av arco xtq eniJtpooOsxsq aKpeq tcou Ttpooxe0r|- 
Kav axo ouvokiKo ypacpr|pa peoco xou pr|xpobou M. To S = (*V x 11, 8s) eivai eva Sipepec; 
ypaq)T|pa jtou eKcppa^exai ajto xo prixpobo H. Opi^oupe xo ouvoko xoov Kopucpobv 8 ooq 
8 = (Su U S^v U 8s) P 8 ^ 0- To ypaq)T|pa Jtou pokig Tiepiypca^ape cpaivexai axo ax^pa 
4.2. 

Ar|ppa 4.1.1. Mia akvoida Markov Jtejzegaofzevcov Kazaazaaecov rival agekozr] av zo yga- 
(prjiia jtov zijv avanagiaza eivai eva icr/vod avvdedepievo yod(pr]ua. 
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Ar| ppa 4.1.2. Eva ui] KaxevOvvduevo ygdqnjua sivai loyvga ovvdsdsfisvo orav dev vjtagysi 
diausoioi] rcov Kogvcpdov xov os dvo ovvoka I tcai dJ, xsxoia doors va uijv vnagysi Kama 
aKfirj gexaigv rcov dvo ovvdkorv. 

'Eaxco oxi to ypcupripa Q 5sv sivai la^upa auvSsSspsvo. @a jtpsjtsi va ajtoSsi^oups 
jxcoq vnapyei 5iapspiar| too G = (I, ST) ojtou I C\J = 0, coerce va pr|v rmapxsi aKpi) jcoo va 
svobvsi 5i)o Kopuipsc; i Kai j, ojtou i e I Kai j e J (krippaxa 4.1.1 Kai 4.1.2). AiaKpivoups 
Tie; e^fiq jtspiTtxooasia: 

1 . 'Eatoo I = U KaL^T = r V. Tote imapxsi xoukaxiaxov pia aKpi) psxa^ij J Kai dJ, aipau 
<5 = (&u U &v U &s) ps fig ^ 0 and xov opiapo xoov ypaipripaxoov Q Kai S. 

2. 'Eaxco I = {v} OTtau ug 7. Eovsjtooq, J - El U M - {x>}. Tots, imapxsi xoukaxiaxov 
pia aKpf| psxa^i) xoov auvokoov I Kai J~, acpoij xo Q<v sivai sva jcX.r|psq ypaq)T|pa. Atto 
auto aaveTtaysxai jcooq ujtapxouv aKpsq jtoo aavSsoov xriv v pe oleq xr|<; Kopacpeq 
too 'V - {u} oi ojtoisq avx|Koov axo auvoko J~. Eripsioovoops jtooq r| Jtsp(jtxooar| jcoo r| 
Kopo(pf| v sivai r| povaSiKi) Kopucpr| too auvokou *V e^si x|8x| sksy)(0Ei axo 1. 

3. 'Eaxco I - {u} ojtoo u eU. Suvsjtooc;, J = < VU'W- {u}. Tots, imapxsi xoukaxLaxov 
pia aKpf| psxa^i) xoov auvokoov I Kai J~, aipoij xo Q<u sivai sva jtkr|ps<; ypaq)T|pa. Atto 
auto auvEJtaysxai jtcoq xmapxouv aKpsq jcoo aavSsoov xriv u ps oksc; xr|<5 Kopuipsc; 
too El - {u}, oi ojtoisi; avf|Koov axo auvoko J~. Sripsioovoups jxcoq r\ jtspi7txooar| jcod 
r| Kopaq)f| u sivai r| povaSiKi) Kopacpf| too auvokou U eysi r|8r| sksy)(0Ei axo 1. 

Eivai Ttpoipavsc; oxi ojtoia8f|jroxs akkr| jtspiJtxcoar| oSriysi Ejuar|<; as axojto. Apa xo 
ypaq)T|pa Q sivai la^upa auvSsSspsvo Kai r| avxiaxoixr| akuaiSa Markov jcoo jcspiypcupsi 
xov tu^aio TrspiJtaxo as sva Sipspsq ypaq)T|pa sivai apsiooxr|. 

Ai']ppa 4.1.3. Es uia auskoxr] akvolda Markov, oksg oi Kaxaoxdostg syovv xrjv idux nsolodo. 

Ai']ppa 4.1.4. Mia ausuoxi] akvolda Markov sivai fir] JxsgiodiK?) av xovkayioxov ilia and rig 
Kaxaoxaosig xtjg sivai at] JxsgiodiK?]. 

And xov opiapo too ypacpfipaxoc; Q, koyco xoov i8io(3poy)(cov jcod ojcapxoov axa Q<u = 
{U,&u) Kai Qry - I'M, &v) DJtapxsi xookax^xov pia Kopucpr| ps jtspioSiKoxrixa 1 (pr| 
jcspioSiKi) Kopoq)f|). Apa xo ypacpripa avaTtapiaxa pia pr| jtspio8iKf| akuaiSa Markov 
(kf|ppa 4.1.4). 

Tskoq, acpoi) avaipspopaaxs as akoaiSsq Markov jcsjtspaapsvcov Kaxaaxaascov, r| pr| 
psicoaipoxrixa Kai pr| jtspioSiKoxrixa s^aacpaki^oov jtcoq r| akoaiSa sivai spyoSiKi), 8r|ka8f| 
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aopcpoova [is to 0eobpr|pa 2.2.1 aoyKkLVSL as pLa povabiKi) ata08pf| Kaxavopf| ja0avoxf|T(jov. 

□ 

Sbpcpoova pe to Jtpooxo aKekog too 0eoopx|paxo<; 2.1.4 eva pr|xpobo pr| apvx|TLKo, apelooxo 
tcoo e^sL pLa i8ioxipT| rcavoo axov cpaapaxLKo kokA,o (pr[ jtepioSiKo) sivai jtpooxapxiKo. To 
P JtXr|psi xlc; 7tpobJto0eaei<; aoxeg acpoo sivai axoxaaxiKo, apelooxo Kai pr| jtepioSiKo 4.1.1. 
Sovsjtobq xo P sivai eva JtpooxapxiKo pr|xpooo. 

AjtO0r|K£Vffll Ml]Tp(rtO)V 

To pr|xpooo psxapaasoov s)(ei pLa block pop(pr| KaL Ypacpexai 


H = 


0 

Lt 


L 

0 


otioo ps L aop|3oki^oope xo prixpooo pexapaasoov ajto xo aovoko 14 axo 'V KaL ps L T xo 
prixpooo pexapaasoov ajto xo aovoko 'V axo 14 avTiaxoi/a. To H pjtopei va Ttepiypaipei 
Jtkfipooq ajto xo L, xoo ojtoioo o api0po<; xoov pr| apvr|TLKobv axoi)(£ioov (ppaaaexai ajto xo 
n ■ m. 

Ejtutksov, xo pr|xpooo M 5sv xp£La^sxai va ajto0r|K£OT£i Ka0okoo aipoo oi xipeq xoo 
s^apxoovxaL povo ajto xa pey£0r| xoov blocks. Mitopsi opooq jtpaKxiKa va EKcppaaxEi Kai oog 
yivopevo 56o apaioov pr|xpoooov (ojtooq axo [26]), 5r|ka5f| M = RA. To prixpooo A 6 R 2xW 
opi^sxai ooa: 



[0 ej n \ 

ojloo e^i EKcppa^Ei eva Siavoapa axo R'*’ xoo ojtoioo xa axoLxeia sivai oka 1, evoo xo pr|xpooo 
R g R Nx2 opi^sxai ooa: 


e n /rt 0 
0 e m /m 


Ta pr|xpoba R KaL A e^ovv povo N pr| pr|5sviKa axoi)(£ia xo Ka0eva. 

Yjtapxoov aopTtaysLi; prp(aviapoi a7to0r|KEoar|<; jcoo sKpsTakkebovTai xr|v apaioxr|Ta 
xoov pr|xpoboov jtoo pokiq avaipepaps. 
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2xr|pa 4.3: riapaSeiypa Sipepouq ypacpripaxog. 


IlapadEiypa 

Acpou Sobaape xouq opiapoug xoov pr|xpob<x>v jtou auppexe^ouv axov uJtoA,oyiapo xou 5iavu- 
apaxog Kaxaxa^q xr|<; pe065ou pag, 0a 5r|pioupyr|aoupe eva aJtXo jtapacbeiypa obaxe va 
yivei Kaxavorixot; o xpojtoq KaxaaK8ur|<; xouq. ©eoopoupe xo Sipepeq ypacpr|pa xou oxnpa- 
xoq 4.3. To ypacpr|pa ajtoxe/eixai aJto 5uo auvoXa Kopucpobv xa oitoia ajtoxeXouvxai ajto 
Suo rai xeaaepit; Kopucpeq avxiaxoixa. To pr|xpobo pexapaaeoov H jtou avxiaxoixei oe auxo 
xo ypacpr|pa eivai: 


H = 


0 

0 

1 

1 

1 

1/2 


0 

0 

0 

0 

0 

1/2 


1/4 

0 

0 

0 

0 

0 


1/4 

0 

0 

0 

0 

0 


1/4 

0 

0 

0 

0 

0 


1/4 

1 

0 

0 

0 

0 


To pr|xpd )0 M avxiaxoi^a 0a eivai: 
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M = 


1/2 

1/2 

0 

0 

0 

0 

1/2 

1/2 

0 

0 

0 

0 

0 

0 

1/4 

1/4 

1/4 

1/4 

0 

0 

1/4 

1/4 

1/4 

1/4 

0 

0 

1/4 

1/4 

1/4 

1/4 

0 

0 

1/4 

1/4 

1/4 

1/4 


Kai pjtopei va eKtppaoxei oaq yivopevo RA pe: 


Kai 


R 


1/2 

1/2 

0 

0 

0 

0 


0 

0 

1/4 

1/4 

1/4 

1/4 


A = 


1 

0 


1 0 0 0 0 
0 1111 


4.1.2 Tv/aiog IlEpiJtatog Kai block - wise Tr|^£jii£taq)opa 

Suvm^L^ovxaq, 7tepir|Yr|xr|c; axr|v pe0o5o paq xP^o^po^OLEL xriv 7tpa^r| xr|<; xx|>iepexacpopa<; 
ps 5i)o xpojtoua: 


• oxav |3pe0ei ae pia Kopucpr| xoopu; e^epxopeveg aKpeq, 

• oxav |3ps0ei oe Kopucpr| pe e^epxopeveq aKpeq evepyoJtoiei xr|v xr|A,epexacpopa pe ju- 
0avoxrixa 1 - e r\ ovve^Ei xov xu^aio jtepiJtaxo pe 7u0avoxr|xa e, pe 0 < e < 1. Kaxa 
xr|v xr|A,epexacpopa, o jiepir|Yr|xr|<; 0a pexapei oe pia Kopucpr| xou ouvoXau oxo otioi- 
o ppLOKexai (oopTtspiXappavopevriq Kai xr|<; xpexoooaq) xu/aia Kai pe opoiopopcpr| 
Jti0av6xr|xa. 
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4.1.3 AvvajwojwcOodo? 

Av r| 5uvapope0o5o<; ecpappoaxei axo P pjtopei va ypacpei: 


7T 


(fc+l)T _ ^(fcJTp 


e7r (,c,T H + (1 - e)7r (fc)T RA. 


(4.2) 


'Ojtooq avacpepape KaL ftporiyoijpevooc;, xa R KaL A 5ev xpsict^exai va a7to0r|K8UXOiJV acpoi) 
xo Ka0s axoLxe(o xou 5iavi)apaxo<; xou yivopevou 7x (fc)T RA pjtopei va eKcppaaxei ox; 

iy., 

ojtou xo Xi SLvai xo xtAr|0oq xoov Kopucpobv xou auvoXou i. Ol jcpa^eic; MV acpopouv Kai e5oo 
xo iSiaixepa apaio pr|xpobo H. 

A/.ydpiHpog 1 BipartiteRank 

1: Opyavobvoupe xic; Kopucpec; xou pr|xpobou H aupcpoova pe xr| 5iapepiar| 11 , 'V. 

2: KaxaaKeua^oupe xa pr|xpoba R Kai A aupcpoova pe xr| 5iapepiar| 11 , 'V 
3: Auvoupe xo aKoXouOo jtpo(3Xr|pa iSioxipoov: 

K T = 7I T P 
7 i T e = 1 

Xpriaipojtoioovxat; xo pr|xpooo P eKtppaapevo pe xpr|ar| xr|<; Suvapope0o5ou, ojtocx; axr|v 
s^Laojari 4.2. 


IlapaSEiypa 

©eoopoupe xo ypacpr|pa xou a^iipaxoc; 4.3, ps e = 0.85. Toxe xo prixpooo pexapacreoov xou 
jcepiriyrixT) ps xr|A,epexa(popd sivai: 


0.0750 

0.0750 

0.2125 

0.2125 

0.2125 

0.2125 

0.0750 

0.0750 

0 

0 

0 

0.8500 

0.8500 

0 

0.0375 

0.0375 

0.0375 

0.0375 

0.8500 

0 

0.0375 

0.0375 

0.0375 

0.0375 

0.8500 

0 

0.0375 

0.0375 

0.0375 

0.0375 

0.4250 

0.4250 

0.0375 

0.0375 

0.0375 

0.0375 
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'Eoxoo oxi o jcepir|Yr|Tf|<; ^BKiva goto ttiv xaxaoxaor\ 1, r| ojtoia avxioxoi)(£i oxo ap^iKo 
Siavuopa Kaxavopf|<; 7u0avoxr|xo)v: 


tt (1)t = [0.1667 0.1667 0.1667 0.1667 0.1667 0.1667] 


Mexa goto eva |3f|pa r| Kaxavopf| 0a eivai: 


tt ( 1)t P = [o.0750 0.0750 0.2125 0.2125 0.2125 0.2125] = tx ( 2)t . 

Av (7i) v e y (a ou p s yia JtoAAa ateopa |3f|paxa 0a jtapaxr|pf|aoupe oxi r| Kaxavopf| ouyKlavei 
axr| axa0epf| Kaxaoxaor|: 


xxOc-DTp _ j Q 375? 0.1243 0.0986 0.0986 0.0986 0.2042] = tt (! c)t . 

4.2 TaxvTtita 

Supipoova pe xo 0soopr|pa 3.1.1, o puOpoq oibyKAiorp; xr|<; 5uvapop£065ou oxav eipappo^exai 
ae oxoyaoxiKa prjxpooa e^apxaxai ajto xr|v ajtoA,uxr| xipi) xr|<; ujtoejtiKpaxoix; i5ioxipr|<; fl 2 
KaL eivai o puOpog Kaxa xov ojtoio, |7?2//El fc —> 0. AjtoSeiyOriKe jtooq xo xeXiKo prixpobo P 
eivai TtpooxapyiKo Kai ouvejtobc;, xo (paopa xou ouvOexouv Ttpaypaxuceq i5ioxipe<; 8K xoov 
ojtOLorv r| pia povo |3pioKexai jcavoo oxov ipaopaxuco kiikAo (pXejte 0£obpr|pa 2.1.4). H 
i5ioxipf| auxf| eyei xr|v xipr| 1 /.oyo) xou oxi xo pr|xpobo eivai oxoyaoxiico. Mla ox|pavxiKf| 
Jtapaxi)pr|or| eivai oxi xo prixpobo P, ojtoio5i)jtox8 ki av eivai, eyei pia i5ioxipr| r| ojtoia 
e^apxaxai povo ajto xov Ttapayovxa xriXepexaipopac; e. Elio ouyKeKpipeva, 

©Etopripa 4.2.1. To iirjrgox) P jcov oqTQetcu and zijv s^locoot] 3.5 s/j:i ma idioziut] lot] us 

(1 - e) - e. 


Anodei^r]. Elapaxripobvxat; xo xekKo pr|xpobo P, eivai ipavepo jcooq eyei eva i5io5iavuopa 

v = [1, 1,..., 1, —1, — 1,.... — 1] 
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xou ojtoiou xo 7tXf|0o<; xoov 1 eivai n Kai to jtXf|0o<; xoov -1 eivai m. YjtevOupi^oupe jcooq 
iSioSiavuapa evoq xexpayooviKoi) pr|xpobou P, eivai eva pr| priSeviKo Siavuapa v jtou oxav 
jcoXXajtXaaiaaxei pe xov P, laouxai pe xo ap^uco Siavoapa, jtoXXaJtXaaLaapsvo pe evav 
api0po /?, exai obaxe: Pv = Av. O api0po<; A ovopa^exca iSioxipr| xod P tcou avxicrxoixei 
axo v. 

Apa scoops 


Px> = eHx> + (1 - e)Mx> 


Hi, n +i ... H Ln+m 



0 



Hjn.n+1 

LI 

••• LL m,n+m 

Hn+i.i 

H n+ i >n 

0 

H n+rrU 

... H n+ m ,n 



(4.3) 


M u 



0 


1 


+ (l-e) 


M,j 


M 


n,n 


M 


n+l,n+l 


0 


M n+1 . m 


1 

-1 


M 


m,n +1 


M n 


-1 


Aoyoo xr|<; oxoxaoxLKoxrixac; xoov prixpoboov H Koa M r| a)(8ar| xr|<; e^iaooar|c; 4.3 eivai lot| 
pe 


-l 


1 

1 .. 
M 

'To 

1 

f-H 

+ 

1 

1 


-1 

1 


-1 


Apa e^oupe 
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1 


1 


1 1 
Pi; = -e + (1 - e) 

-1 -1 

-lj [-1 

1 1 (4.4) 

= ((l-e)-e) 

-1 

-1 

- = ((1 - e) - e)v 

□ 

Suvejtobc;, r| xipi) (1 -e)- e sivai iSioxipr| xou P Kai avxiaxoi)(£i axo i5io5idvuapa v. 2xr|v 
jckEioi^riipia xoov jtspiJtxobasoov, Kai eicHKoxepa oxav axr|v KaxaaKeor| xou P spjtksKovxai 
ypaipr|paxa xou jtpaypaxiKou Koapou, r| i5ioxipr| auxi) sivai r| ujtosjtiKpaxfiq i5ioxipr| xou 
P, 6r|A,a6r| |/? 2 | = 1(1 - e) - e|. Aoxo Eivai pia OTtouSaia jtapaxr|pr|ar|, av GKscpxEi Kavsic; 
jcooq r| anyKAxari as auxeq xr|<; TtEpiTtxobasic; s^apxaxai povo goto xriv jcapapExpo e. 

AKopr), xo yeyovoc, oxi xo H sivai jrepioSiKo ps 2 jtspiodo ar|paivei oxi s^ei 2 iSioxipsq 
jcavoo axov ipaapaxiKo xon kukA,o (asq ps Ik-1, dpa yia xr|v ujtosjtiKpaxfiq i5ioxipr| xou 
xeXikoij prixpooou xou PageRank 0a ia)(ij£i |/? 2 | = e (pksjts xo 0soopr|pa 3.1.1). Suvejiooc;, o 
a/.y6pi0poq BipartiteRank avapsvsxai va auyKkivEi as /ayoxspa aTio xov PageRank, ysyovoq 
jeon 0a Ssi^onps Kai jtsipapaxiKa axr| auvs^sia. 


44 



Keqxxtaxio 5 

IIeipa|waTiKif| A|ioX6yt]ot] 


2xo K8(pcdaio auto 0a a^ioA,oyr|aoijpe xr|v peOobo paq Kavovxaq Karaxatp as Ttpaypaxim 
bebopeva. Ap^im 0a jcapaOeaoupe xouq KobbiKec; xoov aXyopiOpoov ae Matlab KaL ae 
C. 'Ejteixa 0a jcepiypa^oups xa bebopeva paq KaL 0a avacpepoupe xiq xtriyeq ajto xiq 
ojtoieq avxA,r|0r|Kav. TeXoq, 0a auyKpivoupe jceipapaxiKa xiq imo7,oyiaxiKeq ejtibbasiq xoo 
aXyopiOpou BipartiteRank pe xiq avxi'axoi/eq xoo aXyopiOpoo PageRank. 


5.1 T^ojtoiiiaii 

TA,ojtOLf|aap8 xov aXyopiOpo BipartiteRank Ttpobxa ae Matlab mi ejteixa ae C ps xr| |3or|0eia 
xi|q 8(pap|.ioyr']q MATLAB Coder. 


5.2 Aedo^va 

Xpr|aipojtoir|aape s^l abvoXa jtpaypaxiKobv bebopevoov [17] xoov ojtoioov xa %apaKxrpiaxi- 
Ka ipaivovxai axov mvam 5.1. 

• Jester: nspiXappavei xiq |3a0po7,oyisq xpiictxoov as 100 aaxsia. Ta abvoA,a Kopocpobv 
avuaxoLXOijv as xpx|axsq Kat aaxsia. Ol aKpeq avxutpoaooTteboov |3a0po7,oyieq ol 
ojtoieq Kopaivovxai aTto -10 sooq 10. Ol |3a0po7,oyieq e^ovv KavovLKOjtOLT|0SL obaxs va 
Eivai OexiKsq. 


• MovieLenslOM: nspiA,ap|3avei bem EKaxoppbpia |3a0po7.oyisq xaLVLobv. Ta abvoXa 
Kopncpobv avxiaxoixobv as xp^oTisq Kai xaivisq. Ol aKpeq avxutpoaooTtenouv KaL as 
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riivaKaq 5.1: Aebopeva 


AeSopeva 

T pappeq 

2tv|>iE<; 

Mi] ppbeviKa 

nt)KVOTl]Ta 

SuvSeSepevo 

Jester 

73.421 

100 

4.136.360 

0.5634 

Nat 

MovieLenslOM 

69.878 

10.677 

10.000.054 

0.0143 

Nat 

TREC 

551.787 

1.173.225 

83.629.405 

1.2918 • 10~ 4 

Nat 

Reuters 

781.265 

283.911 

60.569.726 

2.7307 ■ 10 4 

Nat 

DBLP 

1.425.813 

4.000.150 

8.649.016 

1.5164 • 10~ 6 

O' 

>4 

YoutubeMemberships 

94.238 

124.325 

293.360 

1.0347 ■ 10~ 4 

O' 


auxf|v xr|v jxep(jtxooar| |3a0poA,oyis<; xpriaxobv. 


• TREC: ripoep^Exca ajto ap^eia Keipevou xou TREC. Ta ouvoXa Kopucpobv avxiaxoi- 
%ouv ae Keipeva Kai Ai^eic;. KaOe |3e|3apr|pevr| aKpf| ujxobr|7,(jbvei xr|v au)(v6xr|xa pe 
xriv ojtoia epcpavi^exai pia Xs^r| as sva Ksipevo. 


• Reuters: IlepiXappavei avaipopeq Ai^eoov as Keipeva Jtou Jtpoep^ovxai ajto xo eibr|- 
aeoypaipiKo jtpaKxopeio Reuters (RCV1). Ta ouvoA,a avxiaxoixouv ae Keipeva Kai 
Xs^su;. KaOe |3s|3apr|pevr| aKpf| ujtobx|7,(jovsi xr|v auxvoxr|xa pe xr|v ojtoia spipavi^e- 
xai pia Xs^r| as sva Ksipevo. 


• DBLP : ripospxexai ajto xrjv ejtiaxr|poviKr| |3i|37,ioypa(pia Kat xa apxeia xou DBLP. 
Ta auvoXa avxiaxoixouv as auyypacpeic; KaL br|poaieuaei<;. Oi aKpsg evoovouv KaOe 
ouyypaipea ps xiq bripoaisuosic; xou. Aoyoo xou oxi sivai pr| auvbebspEvo, yLa xr^v 
jtpaypaxojtoir|ar| xoov ujtoXoyiaxiKobv jxeipapaxoov, Kavape cleaning Kpaxoovxaq povo 
xo peyaXuxepo ouvbsbspevo xpr|pa xou (pXsjts evoxr|xa 1.2.2). Msxa xo cleaning xo 
ypcupripa jxspi7,ap|3avei 1,210,591 ouyypaipeu;, 3,605,818 6r|poaieuaei<; Kai ol aKpsq 
xou sivai 8,142,407. 


• YoutubeMemberships: nspi7,ap|3avsi xpf|axs<; xou Youtube Kai xr| auppexo^j) xouq as 
opabsq. To sva auvoXo Kopucpoov avxiaxoixei as xp^crxsq Kai xo aTlo as opabsq. Ka- 
0s aKpr| avxiJtpoocojtsusi xr|v auppsxoxi) svbq '/_p paxii as opaba. Aoyoo xou oxl sivai 
pr| auvbsbspsvo, yia xr^v jxpaypaxojtoir|ar| xoov ujtoXoyiaxiKobv jtsipapaxoov, Kava- 
ps cleaning k'paxo'ivxaq povo xo psyaXuxspo auvbsbspsvo xpr|pa xou ((l/xjts svoxr|xa 
1.2.2). Msxa xo cleaning xo ypacpr|pa jtspiA,ap(3avsi 88,490 xpJloxsc;, 25,007 opabsq 
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Res Res Res 


Xprjoxobv mi oi aKpig xou eivai 573,826. 


5.3 Tjto^oyiatiKa Ileipd^ata 


Jester MovieLenslOM 



BipartiteRank - PageRank 


2xnpa5.1: YjtokoyiaxiKa rieipapaxa 

2xo axnpa 5.1 tpaivexai r| Jtopsia xoov BJtavaXri^eoov pe^pi xr| auyKkiar| xoov akyopiB- 
poov BipartiteRank Koa PageRank, oe oka xa SiaBsaipa auvoka SeSopevcov, pe jtapayovxa 
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TREC 



Node 


Node 


x 10 


5 


MovieLenslOM 




Jester 


PageRank BipartiteRank 




5.2: Aiomjapara Katata^ric; as tpia ovvoXa SeSopivoov 
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riivamc; 5.2: AptGpot; ejtavakf|t|teoov pexpL xr| abyickLari yLa btaepopec; XLpeg xou jtapayovxa 
xr|kepexaq)opdq 



n = 

0.8 

n = 

0.85 

n = 

0.9 

n = 1 

0.95 

Dataset 

BR 

PR 

BR 

PR 

BR 

PR 

BR 

PR 

MonieLenslSM 

38 

85 

54 

116 

86 

179 

180 

367 

Jester 

38 

86 

55 

118 

87 

182 

182 

373 

TREC 

24 

51 

33 

69 

52 

107 

108 

219 

Reuters 

38 

83 

53 

113 

84 

175 

176 

358 

DBLP 

36 

81 

52 

111 

82 

171 

172 

352 

YoutubeMemberships 

66 

84 

88 

115 

130 

176 

245 

362 


xrikepexatpopdq 0.85. napaxrpoijpe Kai axr|v jtpa^ri Jtoog r| block-wise xr|kepexa(popd aup- 
pakkeL axr|v xa/titepri abyKkLar| (pkejte evoxr|xa 4.2), acpob o akyopLGpbc; paq cruyKAlvei 
Jtoku jlio ypf|yopa Kavovxaq crag jtepLaaoxepec; jteputxooaeLc; axebov xic , piaec; ejtavakf|t|teL<; 
ae (T'/Eor] [is xov PageRank. 

O Jtapayovxac; xr|kepexa(popd<; ekeyxEt ooaLaaxiKa xr)v jtpoxepaLOxr|xa Jtou bivexat axr|v 
bopt) tmepauvbeapoov xou ypacpfipaxoc;, evavxt xr|<; xexvr|xr|<; xrikepexatpopdq. 'Oaov acpo- 
pa axov DJtokoyLOXLKo xou poko, sivai o jtapayovxac; jtou ekeyxet xov aaupjtxooxLKo pu0po 
at)YKkiar|c; xr|<; buvapopeGoboo (pkejte 4.2 ). Mexpr|aape xov api0po xoov ejtavakf|t|teoov 
Jtoo xpEia'Covxai pexpL xr| abyKkiar| oi akyopiGpot BipartiteRank Kai PageRank yLa biacpo- 
peg xipeq xou jtapayovxa xr|kepexa(popd<;, xpiloxpojtoLoovxac; oka xa abvoka bebopevoov. 
Ta ajtoxekeapaxa jtapouaia^ovxai axov juvam 5.2, ojton pkejtoupe jtooc; yLa okeq xiq 
jciGavec; xipeg xou jtapayovxa xr|kepexa(popd<; o akybpL0po<; paq anyKkLVSL ae ktyoxepec; 
ejtavakf|t|teL<;. 

Tskoq, axo axi)pa 5.2 jtapouaLa^ovxaL svbsLKXLKa xa bLavbapaxa Kaxaxa^r|<; xoov 
TREC, MovieLenslOM KaL Jester. napaxr)ponpe KcutOLeg jtoku piKpeq bLatpopei; pexa^b 
xoov bLavnapaxoov Kaxaxa^r|(; xoov boo akyopiGpoov, ol ojtoiec; otpeikovxaL axo yeyovoq jtooq 
o akyopiGpoq BipartiteRank XEip('C8xai xt]v xrikspsxacpopd jlio biKaia. 
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Keqxxkaio 6 

EvpjtepaopaTa - \k -/,/.<>vtikij Epevva 


2xr|v jtapobaa 8i7tkoopaxiKf| spyaaia, jtapouaiaaape evav vso akyopiOpo Kaxaxa^rii; as 
8ipepf| ypaipf|paxa, o ojtoioq sivai paaiapevoq axov PageRank. Aoxo Jtou xov Siaipopojtoiei, 
sivai xo yeyovog oxi ^eipebyei ano xo Kkaauco povxeko xr|kepexa(popa<;, eiaayovxac; eva 
akko ei8oq xr|kepexaq)opa<; jtoo paai^exai axr|v block 8opi] xoo 8ipepou<; ypa(pf|paxo<;. 
Mexa aJto jxeipapaxa, a7to8ei)(0r|Ke Jtooq o akyopiOpoq paq sivai jxokb juo aTtoboxLKoq ano 
xov PageRank ano i)7tokoyiaxiKf|<; otaroxp^q, acpob auyKkivei axn; jtepiaaoxepec; jtepiJtxooaeic; 
ayebov axa piaa |3f|paxa. 

Mia Jtokn evSiacpepooaa Kaxsi)0uvar| jtoo a^ei va e^epeuvr|0ei pekkovxiKa sivai r| 
axa08poxr|xa (stability) xr|<; pe068ou paq, 8r|ka8f| xo Jtoao eoaia0r|xo sivai xo jtapayopevo 
8iavuapa Kaxaxa^r|(; ae piKpeg akkayeg axo ypacpr|pa. Ejtijtkeov, 0a pjtopobae va ekey^Oei 
r| aTioboxiKoxrixa akkoov ejtavakriTsxiKobv peOoboov skxoc; xt|<^ 8uvapope0o8oi), ojtooq xr)<; 
ps0o8on Jacobi [33]. Tekoc;, r| pe0o8o<; jcod Jtpoxeivape eyei xiq TcpooJtxiKSi; va STtsKxaOei 
ooaxs va pjtopeaei va eipappoaxei as jtapopoia ypaq)T|paxa, ojtoot; yia jtapabsiypa ae 
ypaq)f|paxa ps (8ia 8opr| akka ps psyaknxspo api0po blocks (K-pspr| ypaq)f|paxa). 
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